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Fig. 1. Open-boundary problems. Many problems in graphics involve elliptic equations defined on unbounded domains with far-field conditions. Our
proposed partitioned, iterative solver enables the efficient solution of such open-boundary problems and supports a range of visually compelling applications,
which include simulating the flow around a submarine moving through deep water, reconstructing the Sun’s coronal magnetic field from observational data,
computing the magnetic field of two interacting magnets magnetized by an external field, and recovering a harmonic function outside a bunny model from
prescribed surface constraints, as illustrated through streamlines or false colors in these examples.

Poisson equations arise pervasively in computer graphics, yet efficiently
solving them on unbounded domains remains a long-standing challenge.
Existing approaches attempting to model boundary conditions at infinity
either incur prohibitive computational costs by expanding the simulation
domain, sacrifice accuracy through artificial boundary conditions, or lack the
flexibility to handle varying coefficients. In this paper, we introduce a simple
and practical method for solving generalized Poisson equations on finite
domains with open boundaries, enabling exact enforcement of asymptotic
conditions at infinity. Our method couples a finite-volume interior solver
with a boundary-element formulation of the exterior problem, enforcing
continuity of both the solution and its normal derivative across an artificial
boundary. Inspired by Johnson–Nédélec coupling and interface relaxation,
we develop a partitioned, iterative scheme based on damped fixed-point
iterations, which leverages fast, inexact boundary-element solves for the
exterior problem and efficient sparse solves for the interior. Theoretical
analysis and empirical tests confirm that our method provides superior
accuracy and performance compared to existing ad-hoc solutions across a
variety of graphics applications.
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1 Introduction
Efficiently solving the Poisson equation—and its generalizations
involving spatially-varying or nonlinear coefficients—is essential
across a variety of computer graphics applications, ranging from
geometry processing to physical simulation, including image fusion
[Pérez et al. 2003; Agarwala 2007], shape-from-shading [Agrawal
et al. 2006; Harker and O’Leary 2008], barycentric coordinate in-
terpolation [Joshi et al. 2007; de Goes and Desbrun 2024], surface
reconstruction [Kazhdan et al. 2006; Kazhdan and Hoppe 2013],
mesh parameterization [Vaxman et al. 2016; Floater 1997], fluid
animation [Bridson 2015; Stam 1999], and electromagnetic mod-
eling [Ni et al. 2024, 2020; Huang et al. 2019; Huang and Michels
2020]. For boundary value problems (BVPs) on bounded domains
with local boundary conditions, traditional discretization schemes—
namely finite element (FE), finite difference (FD), or finite volume
(FV) methods—transform the continuous partial differential equa-
tion and its associated boundary conditions into a structured linear
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system for which a wide array of established, high-performance
numerical solvers already exist.

However, many practical applications such as fluid flow in open
environments, far-field electromagnetic potentials, and free-space
surface reconstruction are supposed to involve unbounded domains,
and thus require the use of open boundaries on a finite computa-
tional domain, implicitly involving boundary conditions at infinity.
While graphics practitioners typically employ domain truncation
with Dirichlet, Neumann, or other ad-hoc boundary conditions, the
resulting approximation error decays slowly relative to the computa-
tional and memory costs incurred by larger domains. A case in point
is provided by virtual wind tunnels, where the vehicle for which the
aerodynamic coefficient is computed must be very small relative to
the computational domain to ensure that boundary effects do not
contaminate the results [Lyu et al. 2023]. Specialized techniques
like infinite elements [Bettess 1977] or exact artificial boundary
conditions (ABCs) [Han and Wu 2013] can approximate far-field
behavior; yet, they often introduce numerical ill-conditioning or re-
quire the Green’s function of the truncated domain to be analytically
tractable, limiting their general utility.

In contrast to FEM, FDM, and FVM, the boundary element method
(BEM) discretizes boundary integral equations (BIEs) rather than
the governing partial differential equations. By integrating the fun-
damental solution (or free-space Green’s function) of the differential
operator to assemble the linear system, BEM can inherently deal
with unbounded domains. However, BEM requires closed-form fun-
damental solutions, which are generally unavailable for nonlinear or
variable-coefficient operators. While hybrid strategies can address
general cases by coupling finite-domain methods for convoluted do-
mains with BEM for the domain exterior, the resulting linear system
matrices are dense and structurally heterogeneous. This technical
complexity and its induced computational overhead have hindered
the widespread adoption of such hybrid frameworks within the
computer graphics community.

Overview. Inspired by FEM–BEM coupling methods [Johnson and
Nédélec 1980; Elleithy and Tanaka 2003], we propose an iterative
scheme that enables finite-domain Poisson solvers to handle open
boundaries without modifying the underlying solver or governing
equations. In this framework, the interior solver functions as a “black
box” subject to Dirichlet conditions on the domain boundary. By ex-
tracting normal derivatives from the intermediate solution, we drive
a Boundary Integral Equation (BIE) to enforce compatibility with
the infinite domain. This BIE step provides the updated Dirichlet
conditions for the subsequent interior solve. One of the key contri-
butions of our work is the observation that an exact solve of the
exterior BIE is unnecessary—inexact solutions are faster to compute
and sufficient for rapid convergence. We provide formal conver-
gence proofs for the standard Poisson equation and demonstrate the
method’s versatility across canonical geometries and staggered-grid
discretizations. Our results across 2D and 3D benchmarks exhibit
high accuracy, often converging in just a few iterations. This ap-
proach obviates the need for large computational “padding” domains
and generalizes readily and effectively to variable-coefficient and
nonlinear Poisson-type problems.

2 Related Work
We briefly discuss relevant methods and their underlying methods
for solving PDEs with open boundaries, including boundary integral
formulations, domain truncation via artificial boundary conditions,
and geometric inversion using the Kelvin transform.

Boundary Integral Equations (BIEs). For linear and homogeneous
PDEs without source terms, the solution is uniquely determined by
the boundary conditions constrained by the BIEs. Once these condi-
tions are resolved, the solution can be evaluated at an arbitrary point
in space. This formulation naturally accommodates infinite domains
with conditions at infinity based on the far-field properties of typi-
cal Green’s functions. This “surface-only” approach has benefited a
wide range of applications in computer graphics, including vector
graphics [van de Gronde 2010; Sun et al. 2012], geometry processing
[Solomon et al. 2017], deformation [James and Pai 1999], simula-
tion [Sugimoto et al. 2022; Schreck et al. 2019] and rendering [Xia
et al. 2020]. However, a historical bottleneck of boundary-driven
methods is their poor scalability, primarily due to the dense lin-
ear systems they generate. Recent advancements have mitigated
this issue through massively parallel sparse inverse preconditioners
[Chen et al. 2024, 2025], which scale up and accelerate the BIE solves
significantly, while hierarchical summation techniques [Greengard
and Rokhlin 1987; Hackbusch 1999; Barnes and Hut 1986] enable
efficient pointwise evaluation in unbounded spaces. In parallel, the
stochastic formulation of boundary integrals has contributed to the
rise in popularity of Monte Carlo methods [Sawhney and Crane
2020; Sugimoto et al. 2023; Sawhney et al. 2023], bringing useful
techniques from the rendering community into the realm of PDE
solvers. These methods facilitate massive parallelism via random
walks and can further leverage boundary caching to suppress noise
[Miller et al. 2023; Zhou et al. 2025]; however, their performance de-
grades in unbounded domains where most samples would never hit
the boundary, and for the remaining ones, the path can become long,
resulting in high variance [Nabizadeh et al. 2021]. Despite these
advancements, a critical limitation persists: boundary-driven meth-
ods falter when the PDE includes source terms, spatially varying
coefficients, or nonlinearities, which preclude a strictly boundary-
based formulation, and necessitates expensive volume integration
and domain sampling. Consequently, both deterministic and sto-
chastic methods would suffer significant penalties in computational
efficiency, accuracy, and numerical stability.

Artificial Boundary Conditions (ABCs). When dealing with infinite
domains, only a finite portion of space is covered by the computa-
tional domain, the border of which effectively creates an artificial
boundary requiring specific conditions. These conditions are in-
troduced to either approximate far-field behavior, or analytically
resolve the exterior problem, thereby minimizing artifacts caused by
the domain truncation. For wave equations, ABCs aim to make this
boundary “transparent” or “absorbing” to prevent spurious reflective
waves. To this end, Engquist andMajda [1977] developed a hierarchy
of local absorbing conditions by applying rational approximations
to the non-local operators in Fourier space. Taking a different ap-
proach, the Perfectly Matched Layer (PML) method [Berenger 1994;
Bojsen-Hansen and Wojtan 2016; Chern 2019] constructs a fictitious
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boundary layer to absorb incoming waves exponentially fast so
that they do not bounce back and pollute the interior simulation.
For elliptic PDEs, the exterior problem can be solved analytically
using Green’s identities, which express the normal derivative of
the solution as an explicit function of the boundary value. The re-
sulting exact, non-local Dirichlet-to-Neumann (DtN) map [Givoli
and Keller 1989] is further used to constrain the interior solve in a
Galerkin framework. However, deriving such DtN maps typically
requires canonical interfaces (e.g., sphere in 3D), where an interface-
constrained fundamental solution can be obtained through Fourier
expansion. In contrast, Johnson and Nédélec [1980] implicitly de-
fined the DtN map through a BIE for non-canonical boundaries, and
coupled the BIE with the interior PDE to form a global “monolithic”
system. While it offers a far more general solution for arbitrary
interior/exterior interfaces, it incurs a high computational cost like
other DtNmethods: the resulting system combines dense (boundary)
and sparse (interior) blocks, a hybrid matrix structure that precludes
the use of high-performance solvers developed for either domain
individually. Addressing this bottleneck is our primary focus.

Iterative Coupling (IC). To bypass the prohibitive cost of mono-
lithic FEM/BEM solvers, prior work has turned to iterative coupling,
in which subdomains are solved separately and Dirichlet/Neumann
data are exchanged across their common interfaces. This strategy
has been applied to both linear [Kamiya et al. 1996; Feng and Owen
1996; Elleithy and Tanaka 2003] and nonlinear [Soares et al. 2004]
problems. As noted in Elleithy and Tanaka [2003], however, standard
Dirichlet-Neumann and Neumann-Neumann schemes degenerate
when Neumann conditions cover the entire boundary of a subdo-
main; for the Helmholtz equation, for instance, the standard remedy
following Després’ approach [Després 1991; Bendali et al. 2007] is to
impose Robin-type conditions on the interface to avoid such break-
down. Our method is conceptually similar in spirit, but the Poisson
setting admits a simpler fix: imposing a vanishing boundary condi-
tion at infinity ensures the well-posedness of the exterior Neumann
problem, whose resulting NtD map then guarantees well-posedness
of the interior problem. Moreover, while previous strategies require
a full BEM solve at each iteration, we show that faster convergence
can be achieved using inexact solves. Finally, convergence of FEM-
BEM alternations depends critically on the choice of a relaxation
parameter whose admissible range can be determined via eigenanal-
ysis [El-Gebeily et al. 2002]; however, such an approach is often
intractable for large-scale applications, motivating on-the-fly adjust-
ment strategies instead. We thus recommend using Aitken acceler-
ation [Irons and Tuck 1969], which has already been adopted for
iterative coupling in the graphics community and beyond [Coulier
et al. 2014; Akbay et al. 2018].

Kelvin Transform (KT). Turning unbounded domains inside out
through coordinate stretching [Grosch and Orszag 1977] is another
approach to solving exterior problems using standard finite-domain
solvers. However, this geometric inversion often results in singular,
ill-conditioned systems and may incur severe discretization errors.
Originally introduced by Thomson [1845], the Kelvin transform
addresses these issues by decomposing the solution of an exterior
Poisson equation into a scaling factor—which captures the asymp-
totic behavior at infinity—and a well-behaved component that can
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∇ · (𝑎∇𝑢 ) + 𝑐𝑢 = 𝑓

∇2𝑢 = 0
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Fig. 2. Dealing with open-boundaries. For generalized Poisson problems
in unbounded domains, we introduce an artificial boundary to truncate the
computational domain and apply exact artificial boundary conditions to
accurately account for the exterior to far-field behavior of the solution. Our
approach alternates between the interior and exterior solvers, yielding a
simple and practical method for handling open boundaries.

be numerically solved via a standard Poisson equation on a compact
interior domain. Recently, Nabizadeh et al. [2021] demonstrated that
KT can also be applied to Helmholtz equation and is flexible enough
to accommodate different interior solvers, includingmesh-based and
Monte–Carlo methods. While KT excels at solving exterior homo-
geneous equations if the solution’s asymptotic behavior at infinity
is known in advance, it cannot handle generalized Poisson equa-
tions or cases lacking a bounding surface. In contrast, our method
handles general, and possibly inhomogeneous, interior problems by
design while assuming the exterior is simply governed by Laplace’s
equation. These two approaches are thus complementary, and one
could even use KT as a viable alternative to the BEM employed by
our approach for the exterior domain.

3 Method Overview
We now outline our methodology, starting with the mathematical
formulation of open-boundary Poisson problems. We then introduce
an artificial boundary method to handle the inside and outside of
the computational domain boundary, before detailing an alternating
interior–exterior solver for the resulting coupled problem.

3.1 Problem Formulation
We address the following class of boundary value problems:

∇ · (𝑎(𝒙, 𝑢,∇𝑢)∇𝑢 (𝒙)) + 𝑐 (𝒙, 𝑢)𝑢 (𝒙) = 𝑓 (𝒙), 𝒙 ∈ R𝑑 \ Ω𝑐 (1a)

s.t. (1 − 𝛽 (𝒙)) 𝑢 (𝒙) + 𝛽 (𝒙) 𝜕𝑢
𝜕𝑛
(𝒙) = 𝑔(𝒙), 𝒙 ∈ 𝜕Ωc (1b)

and

{︄
𝑢 ∼ 𝐶 log ∥𝒙 ∥, 𝑑 = 2
𝑢 → 0, 𝑑 = 3

, ∥𝒙 ∥ → ∞ (1c)

in 𝑑 dimensions (𝑑 = 2, 3), where Ωc ⊂ R𝑑 denotes one or more
cavities (closed subdomains, with the empty set as a trivial case).
The solution 𝑢 (𝒙) is sought in the unbounded domain outside of
the cavities R𝑑 \ Ω𝑐 , subject to a mix of Neumann and Dirichet con-
ditions on the cavity boundary, together with a far-field condition
governing the asymptotic behavior of𝑢 (𝒙) as ∥𝒙 ∥ → ∞— see Fig. 2
for an illustration. Many graphics applications boil down to solving
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this type of problems, each characterized by specific PDE coeffi-
cients, source terms, and boundary data. We discuss the various
components of this general problem next.

Partial Differential Equation. Eq. (1a) is a generalized Poisson
equation, where 𝑎 denotes a diffusion coefficient, 𝑐 is a reaction
coefficient, and 𝑓 represents a prescribed source field. In many
graphics applications, these quantities are assumed to have compact
spatial support, meaning that 𝑐 , 𝑓 are nonzero and 𝑎 varies only over
a localized region—though the induced solution may propagate far
beyond it. Accordingly, these coefficients are typically discretized
over the elements of a mesh in a piecewise constant or linear fashion,
and set to zero (or constant for 𝑎) outside of it. In general, Eq. (1a)
is nonlinear since 𝑎 and/or 𝑐 may depend on the solution 𝑢 or its
gradient; however, if these coefficients reduce to functions of spatial
coordinate 𝒙 only, the equation becomes linear. Notably, setting
𝑎≡1 and 𝑐≡0 turns Eq. (1a) into the classical Poisson equation.

Boundary Conditions. Very often, the domain contains cavities
representing physical objects, such as conductors in an electrostatic
field, obstacles in a fluid flow, or scattering bodies in wave propaga-
tion. On the cavity boundary 𝜕Ω𝑐 , specific conditions Eq. (1b) on
the solution 𝑢 are imposed, involving a linear combination of the
solution 𝑢 and its normal derivatives 𝜕𝑢/𝜕𝑛 (where the unit normal
vector 𝒏 points outwards from Ω𝑐 ). The weight 𝛽 : 𝜕Ωc → [0, 1]
determines the boundary type and allows for a smooth transition
between Dirichlet conditions (𝛽=0, specifying potential), Neumann
conditions (𝛽 = 1, specifying flux), or Robin conditions (0 < 𝛽 < 1,
specifying a mix), while the function 𝑔 : 𝜕Ωc→R further prescribes
the associated boundary data.

Far-Field Condition. To ensure the well-posedness of the problem
in this unbounded setting, a standard far-field condition is imposed
through Eq. (1c) to guarantee the uniqueness of the solution. In three
dimensions, the condition simply requires 𝑢 (𝒙) to vanish at infin-
ity. Such a condition arises naturally across a number of physical
contexts: in electrostatics, the electrical potential due to a localized
charge distribution decays to zero at infinity; in fluid dynamics, the
perturbation velocity induced by a stationary obstacle vanishes far
from the body; in heat conduction, the temperature rise above the
ambient value decays to zero as the thermal influence diminishes
with distance; and in quantum mechanics, the wavefunction of a
bound-state particle must decay to zero as a result of spatial local-
ization and probability normalization; etc. In two dimensions, the
situation is slightly different: the solution admits at most logarith-
mic growth at infinity, and vanishes in the far field only when the
constant𝐶 (representing the net flux through the artificial boundary
introduced below) is zero. Far-field conditions are essential for char-
acterizing isolated systems, as they define how a system’s influence
asymptotically vanishes or stabilizes at infinite distance.

3.2 Artificial Boundary
Since tessellating the entire space is computationally infeasible, we
handle unbounded domains using truncation and artificial bound-
ary conditions. Geometrically, this means that we introduce a finite
computational domain Ω, which truncates the entire space for com-
putational convenience. Its boundary 𝜕Ω can be understood as an

Algorithm 1: Open-boundary Poisson solver
Input: Generalized Poisson equation on an unbounded domain;

Grid domain Ω with its boundary faces centered at {𝒙𝑖 }.
Output: Unbounded-domain solution 𝑢 (𝒙 ) , evaluated within Ω.

1 forall 𝑖 do 𝑢 (0) (𝒙𝑖 ) ← 0; // Zeroing Dirichlet data
2 𝑘 ← 0;
3 repeat

// Interior finite-difference solve
4 Call the bounded-domain Poisson solver to compute 𝑢 (𝑘 ) on Ω

using Dirichlet data prescribed on 𝜕Ω as conditions; ⊲ §4
5 Calculate 𝜕𝑢 (𝑘 )/𝜕𝑛 on 𝜕Ω through finite differences;

// Exterior boundary-element solve
6 forall 𝑖 do Evaluate B[𝑢 (𝑘 ) ] (𝒙𝑖 ) via Eq. (15); ⊲ §5.2
7 forall 𝑖 do 𝑟 (𝑘 ) (𝒙𝑖 ) ← B[𝑢 (𝑘 ) ] (𝒙𝑖 ) − 𝑢 (𝑘 ) (𝒙𝑖 ) ;
8 𝜔 (𝑘 )←CalcRelaxationFactor(𝑘, 𝑟 (𝑘 ), 𝑟 (𝑘−1), 𝜔 (𝑘−1)); ⊲ §6.2
9 forall 𝑖 do 𝑢 (𝑘+1) (𝒙𝑖 ) ← 𝑢 (𝑘 ) (𝒙𝑖 ) +𝜔 (𝑘 ) 𝑟 (𝑘 ) (𝒙𝑖 ) ;

10 𝑘 ← 𝑘 + 1;
11 until

∑︁
𝑖 (𝑟 (𝑘 ) (𝒙𝑖 ) )2 < 𝜂

∑︁
𝑖 (𝑟 (0) (𝒙𝑖 ) )2; ⊲ §7.1

12 𝑢 ← 𝑢 (𝑘 ) ;

13 Function CalcRelaxationFactor(𝑘, 𝑟 (𝑘 ) , 𝑟 (𝑘−1) , 𝜔 (𝑘−1) ) :
14 if 𝑘 = 0 then
15 return 1/2
16 else
17 forall 𝑖 do 𝛿𝑟 (𝒙𝑖 ) ← 𝑟 (𝑘 ) (𝒙𝑖 ) − 𝑟 (𝑘−1) (𝒙𝑖 ) ;
18 return −𝜔 (𝑘−1) ∑︁𝑖 𝑟

(𝑘−1) (𝒙𝑖 ) 𝛿𝑟 (𝒙𝑖 )/
∑︁

𝑖 𝛿𝑟
2 (𝒙𝑖 ) ;

interface, or artificial boundary, that partitions the domain into two
regions: the bounded interior domain (denoted by the superscript
“−”) and the unbounded exterior domain (denoted by “+”).

The Interior Problem. Within the computational domain Ω \ Ω𝑐 ,
the solution 𝑢− satisfies the original generalized Poisson equation
(Eq. (1a)) subject to boundary conditions defined on the cavities
(Eq. (1b)). The PDE coefficients and source terms are typically de-
fined either analytically over a finite volume, or through discrete
representations, such as piecewise-linear or piecewise-constant
functions on structured grids. Both sources and heterogeneous co-
efficients are typically confined to a finite region, and we assume
here that they are encompassed within the computational domain .

The Exterior Problem. We assume that the artificial boundary is
reasonably large enough to enclose all geometrical features (such
as cavities) and physical heterogeneities (e.g., regions where the
diffusion coefficients are spatially varying or where reaction and
source terms are non-zero). By confining all such complexities to
the interior, the exterior solution 𝑢+ (𝒙) (for 𝒙 ∈R𝑑 \Ω) can now be
assumed to satisfy a Laplace equation of the type

∇2𝑢+ (𝒙) = 0, 𝒙 ∈ R𝑑 \ Ω (2)
subject to the far-field condition Eq. (1c). According to Green’s
identities, 𝑢+ is uniquely determined by the boundary data—such as
Dirichlet and/or Neumann conditions—on the artificial interface 𝜕Ω.
Once the complete boundary data is obtained through the boundary
integral equation, 𝑢+ can be evaluated anywhere in the exterior
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domain, while the free-space Green’s function naturally ensures
that the solution satisfies the far-field condition.

Coupling Conditions. Although the domain is partitioned into
two parts, the interior (𝑢−) and exterior (𝑢+) solutions are obviously
not independent. Because the interface 𝜕Ω is virtual and purely for
computational purposes, we must enforce continuity of the solution
and its gradient across this boundary, yielding

𝑢− = 𝑢+, 𝒙 ∈ 𝜕Ω, (3a)
𝜕𝑢+

𝜕𝑛
=
𝜕𝑢−

𝜕𝑛
, 𝒙 ∈ 𝜕Ω. (3b)

Note that these natural conditions are also present in the approach
of Johnson and Nédélec [1980] for coupling FEM with BEM.

3.3 Alternating Solves
Solving the coupled system (Eqs. (1a) to (3b)) can be achieved by
tessellating Ω with a finite mesh and discretizing using Galerkin
methods both the Poisson equation on the volumetric mesh and the
BIE on the surface mesh, while enforcing the continuity conditions
via Lagrange multipliers. This yields a large monolithic system
coupling the interior potential and the boundary flux [Johnson and
Nédélec 1980], whose direct factorization is often intractable as its
hybrid structure (mixing sparse and dense blocks) precludes the use
of direct solvers and of high-performance iterative solvers optimized
specifically for either sparse FE/FD/FV systems or dense BE systems.

To address this challenge, we adopt an iterative domain coupling
strategy inspired by [Kamiya et al. 1996; Elleithy and Tanaka 2003]
that decomposes the monolithic problem into alternating volumetric
and BEM solves. Specifically, we solve a Dirichlet problem on the
interior and a Neumann problem on the exterior, a pairing that
avoids the ill-posedness that can arise in the work of Elleithy and
Tanaka [2003] when, for instance, coupling is enforced over the
entire subdomain interface. Our approach is summarized in Alg. 1
and proceeds as follows: we solve the interior problem (Eqs. (1a),
(1b) and (3a)) based on Dirichlet boundary conditions defined by
the current boundary value 𝑢+, and compute the resulting boundary
flux 𝜕𝑢−/𝜕𝑛; this flux is then used to solve the exterior problem
(Eqs. (2) and (3b)) through a boundary integral equation, whose
solution yields updated boundary value 𝑢+ to be used as Dirichlet
boundary data in the next iteration. We note that the interior solver
actually builds a DtN map while the exterior builds a NtD map.
While reversing the two is technically possible, it can leave the
interior problem defined only up to an additive constant in the
absence of any cavity or associated Dirichlet conditions, thereby
requiring additional constraints and likely hindering performance.

A further distinction from prior couplingworks is that ourmethod
solves the BIE for the exterior problem (which recovers boundary
values from normal derivatives) only inexactly via a damped fixed-
point iteration (Line 9, Alg. 1). Solving this step to high accuracy
would be computationally expensive compared to the sparse inte-
rior system; yet, this is totally unnecessary for the convergence of
the overall interior-exterior alternation. We support this strategy
with a theoretical convergence analysis on canonical geometries (ac-
counting for both artificial and cavity boundaries) and experiments
(see Table 1), before further deriving an adaptive relaxation scheme

for general cases. As our results will demonstrate, this iterative
approach proves highly effective (see Figs. 17 and 18).

In the remainder of this paper, we explain the details of the in-
terior (Sec. 4) and exterior solves (Sec. 5), analyze and validate the
convergence of our iterative algorithm (Sec. 6), and demonstrate its
wide applicability to graphics applications (Sec. 7).

4 Interior Solves
In this section, we now describe how we solve the interior Poisson
problem defined by Eqs. (1a), (1b) and (3a). As an illustrative numer-
ical scheme that can be typically used to solve the interior problem,
assume that we discretize the interior domain Ω using a Marker-
and-Cell (MAC) grid [Harlow and Welch 1965], where each grid
cell is a 𝑑-dimensional hypercube of edge length Δ𝑥 . This staggered

𝑢𝑖,𝑗

𝑐𝑖,𝑗𝑓𝑖,𝑗

𝑎𝑖,𝑗+1/2

𝑎𝑖,𝑗−1/2

𝑎
𝑖+

1/
2,
𝑗

𝑎
𝑖
−1
/2
,𝑗

discretization offers high numerical accuracy
and is well-suited for the generalized Poisson
equation Eq. (1a). As illustrated in the inset, the
scalar unknown 𝑢, the reaction coefficient 𝑐 , and
the source function 𝑓 are sampled at cell cen-
ters, while the diffusion coefficient 𝑎 is sampled on face centers.
Accordingly, Eq. (1a) is discretized as:

𝑎𝑖+ 1
2 , 𝑗
𝑢𝑖+1, 𝑗 + 𝑎𝑖− 1

2 , 𝑗
𝑢𝑖−1, 𝑗 + 𝑎𝑖, 𝑗+ 1

2
𝑢𝑖, 𝑗+1 + 𝑎𝑖, 𝑗− 1

2
𝑢𝑖, 𝑗−1

−
(︁
𝑎𝑖+ 1

2 , 𝑗
+ 𝑎𝑖− 1

2 , 𝑗
+ 𝑎𝑖, 𝑗+ 1

2
+ 𝑎𝑖, 𝑗− 1

2
− 𝑐𝑖, 𝑗 Δ𝑥2

)︁
𝑢𝑖, 𝑗 = 𝑓𝑖, 𝑗 Δ𝑥

2,
(4)

where integer indices (e.g., (𝑖, 𝑗)) denote cell centers while half-
integer indices (e.g., (𝑖 ± 1/2, 𝑗)) refer to the corresponding face
centers, following standard conventions. The 3D discretization fol-
lows analogously. Eq. (4) assumes that all cells adjacent to (𝑖, 𝑗) lie
within the computational domain. However, if a neighboring cell
(𝑖′, 𝑗 ′) falls outside the domain (e.g., in the cavity or the exterior
domain), its corresponding unknown 𝑢𝑖′, 𝑗 ′ must be eliminated using
the prescribed boundary conditions. For instance, if the boundary
coincides exactly with the face between (𝑖, 𝑗) and (𝑖′, 𝑗 ′), consider-
ing the boundary condition (1 − 𝛽)𝑢 + 𝛽 (𝜕𝑢/𝜕𝑛) = 𝑔 evaluated at
the face center, 𝑢𝑖′, 𝑗 ′ in Eq. (4) is replaced according to the rule:

𝑢𝑖′, 𝑗 ′ →
2𝛽 − (1 − 𝛽) Δ𝑥
2𝛽 + (1 − 𝛽) Δ𝑥 𝑢𝑖, 𝑗 +

2𝑔 Δ𝑥
2𝛽 + (1 − 𝛽) Δ𝑥 . (5)

For more complex geometries, we adopt a cut-cell approach [Guen-
delman et al. 2005; Ng et al. 2009; Batty et al. 2007] to impose the
boundary conditions on cavity boundaries not aligned with grid
faces, as in, for example, Fig. 11.

Linear Case. For now, assume that both 𝑎 and 𝑐 depend solely on
position for simplicity. The interior problem is then assembled into a
sparse symmetric linear system by applying Eq. (4) across all interior
cells, incorporating boundary modifications via Eq. (5) where neces-
sary.When the reaction coefficients satisfy 𝑐𝑖, 𝑗 ≤0, the systemmatrix
is an𝑀-matrix—and is thus positive definite. The resulting linear
system enables the use of highly efficient iterative solvers, such as
the preconditioned conjugate gradient (PCG) method with algebraic
multigrid (AMG) preconditioning [Xu and Zikatanov 2017], as we
will use in our examples. In cases where positive definiteness is
not guaranteed, PCG can be replaced by general Krylov subspace
methods such as BiCGSTAB or GMRES.
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Handling Nonlinear Problems. If the coefficients 𝑎 and 𝑐 depend
on the solution or its gradient, then Eq. (1a) becomes nonlinear. In
this case, the interior solution is typically solved with the Newton–
Raphson method. We define the state vector u∈R𝑁 containing the
cell-centered unknowns with 𝑁 being the number of cells. Similarly,
c, f ∈ R𝑁 represent the cell-centered reaction and source terms,
while a ∈R𝑀 contains the diffusion coefficients defined on the 𝑀
faces. With G∈R𝑀×𝑁 denoting the discrete gradient operator, the
following vector is assembled as:

F(𝒖) := −G⊤ diag(a(u))Gu + diag(c(u)) u − f . (6)
At the 𝑘-th Newton iteration to solve F(u) =0, we update u(𝑘 ) to
u(𝑘+1) by solving the following linear system:

J(u(𝑘 ) ) (u(𝑘+1) − u(𝑘 ) ) = −F(u(𝑘 ) ). (7)
where J(u) = 𝜕F/𝜕u denotes the Jacobian of F. As described pre-
viously, variables from the exterior domain can be eliminated via
boundary conditions similar to the linear case. Note that the action
of the Jacobian on an arbitrary vector 𝛿u is given by:

J(u) 𝛿u = F(𝛿u) − G⊤ diag(Gu) 𝜕a
𝜕u
𝛿u + diag(u) 𝜕c

𝜕u
𝛿u. (8)

Starting from u(0) =0, we proceed with the Newton iterations and
line search until convergence, i.e., until ∥F(u(𝑘 ) )∥/∥F(u(0) )∥ is less
than a given accuracy threshold, to obtain the solution vector u.

5 BEM Exterior Solves
In this section, we describe how to solve the exterior Laplace equa-
tion Eq. (2) subject to the Neumann boundary condition from Eq. (3b)
imposed on the computational domain boundary. Leveraging the
boundary element method for this case reduces the problem to find-
ing the unknown function values on the boundary based on the
known normal derivatives provided by the interior solver. The solu-
tion in the exterior domain is then fully determined via the boundary
integral, which naturally satisfies the far-field condition (1c).

5.1 Representation and BIE
Since the exterior solution is assumed to be harmonic, Green’s third
identity applies under a standard far-field condition (see App. B for
proof). This yields a particular representation, with the convention
that the unit normal vector 𝒏 points outward from Ω, that reads:

𝑢 (𝒙) =V
[︂ 𝜕𝑢
𝜕𝑛

; 𝜕Ω
]︂
(𝒙) − K[𝑢; 𝜕Ω] (𝒙), 𝒙 ∈ R𝑑 \ Ω, (9)

where Ω = Ω∪𝜕Ω is the closure of the domain, and the operatorsV
and K denote the single- and double-layer potentials, respectively.
These functionals act on a density by integrating it against Green’s
function or its normal derivative along the boundary Γ, i.e.,

V[𝜙 ; Γ] (𝒙) =
∫
Γ
𝜙 (𝒙′)𝐺 (𝒙′, 𝒙) d𝑆 ′, (10)

K[𝜙 ; Γ] (𝒙) =
∫
Γ
𝜙 (𝒙′) 𝜕𝐺

𝜕𝑛′
(𝒙′, 𝒙) d𝑆 ′, (11)

where 𝐺 (𝒙′, 𝒙) is the fundamental solution of the Laplace operator
satisfying ∇2𝐺 (𝒙′, 𝒙) = 𝛿 (𝒙′ − 𝒙) (see §A.1). Note that due to the
jump properties of the double-layer potential, we have 𝑢 ≡ 0 for
𝒙 ∈Ω [Costabel 1987]; this implies that the exterior representation
vanishes inside the domain, ensuring it does not interfere with the
interior solution.

Assume that the normal derivatives on the boundary, 𝜕𝑢/𝜕𝑛 |𝜕Ω ,
are already known from the interior solver as we will detail in the
next section. To fully reconstruct the solution, we must determine
the unknown boundary values 𝑢 |𝜕Ω . As the evaluation point 𝒙 ap-
proaches the boundary, the flux and potential values are known to
be constrained by the following integral equation:

1
2
𝑢 (𝒙) + K[𝑢; 𝜕Ω] (𝒙) =V

[︂ 𝜕𝑢
𝜕𝑛

; 𝜕Ω
]︂
(𝒙), 𝒙 ∈ 𝜕Ω , (12)

where the coefficient 1/2 is valid provided the boundary is Lipschitz
continuous. Because the normal derivative of Green’s function con-
stitutes a strongly singular kernel, its boundary integral must be
interpreted in the Cauchy principal value sense [Kanwal 2013].

5.2 Fast Updates Through Fixed-Point Iteration
Next, we explain how to discretize and solve Eq. (12) for fast updates
of boundary values.

Discretization. Since the interior solver employs a MAC grid, the
artificial boundary 𝜕Ω is naturally discretized by the outermost
layer of faces of the computational grid. We discretize the boundary
integral equation Eq. (12) using a piecewise constant collocation
method, similar to the work of Chen et al. [2025]. With this approx-
imation, we assume both 𝑢 and 𝜕𝑢/𝜕𝑛 constant over each boundary
facet Γ𝑗 and their values are sampled at face centers. For each target
facet index 𝑖 centered at 𝒙𝑖 , the discrete boundary integral equation
is thus enforced as:

1
2
𝑢 (𝒙𝑖 ) +

∑︁
𝑗
K[𝑢 (𝒙 𝑗 ); Γ𝑗 ] (𝒙𝑖 ) ≈

∑︁
𝑗
V

[︃
𝜕𝑢

𝜕𝑛
(𝒙 𝑗 ); Γ𝑗

]︃
(𝒙𝑖 ). (13)

A challenge arises because the MAC grid stores potential values at
cell centers, whereas the boundary integral method requires values
on the boundary faces. To bridge this gap, we introduce an additional
set of degrees of freedom (DoFs) for 𝑢 exactly on the boundary.

𝑢′𝑖,𝑗

𝑢𝑖,𝑗

As illustrated in the inset, {𝑢𝑖, 𝑗 } de-
notes the original cell-centered un-
knowns of the (interior) Poisson
solver, and {𝑢′𝑖, 𝑗 } denotes the new
DoFs for the BIE solver, stored at face
centers. Once these values are up-
dated, the normal derivative on a boundary face can then be ap-
proximated using a one-sided finite difference between the face and
the neighboring cell center, yielding 2(𝑢′𝑖, 𝑗 − 𝑢𝑖, 𝑗 )/Δ𝑥 . Note that a
corner cell is adjacent to multiple boundary facets.

Efficient Updates of 𝑢′. To simplify the notation hereafter, we
drop the prime superscript (′) previously introduced to distinguish
the boundary DoFs from the interior ones. Eq. (13) is an asymmet-
ric and dense linear system, for which direct solvers (such as LU
decomposition) become computationally prohibitive as the number
of boundary DoFs grows. Even with efficient iterative solvers such
as preconditioned GMRES [Chen et al. 2025] or Neumann series
expansion [Ni et al. 2024], the computational cost remains higher
than that of the interior, sparse Poisson solver: this is primarily due
to repeated dense matrix-vector products, which are time consum-
ing even when optimized with hierarchical summation techniques.
Crucially, however, solving this system to high accuracy is not nec-
essary for global convergence—akin to inexact Newton methods.
Therefore, we opt for a cost-effective adapted fixed-point iteration,

ACM Trans. Graph., Vol. 45, No. 6, Article 180. Publication date: December 2026.



Efficient Open-Boundary Poisson Solves • 180:7

−0.2

−0.1

0.0

0.1

(a) Ground truth; (b) Dirichlet BC; (c) Ours.

Fig. 3. One-step convergence. For a uniform circular (2D) or spherical
(3D) source centered at the origin with radius 0.9, we solve a classical Poisson
problem without cavities on the domain [−1, 1]𝑑 using a 256𝑑 grid. For this
class of problems, our method converges in a single iteration and, compared
with homogeneous Dirichlet boundary conditions, reduces the solution error
by three to four orders of magnitude: in 2D, the 𝐿2 error decreases from
2.23×10−2 to 3.76×10−6, and the 𝐿∞ error from 1.08×10−1 to 1.19×10−5; in
3D, the 𝐿2 error decreases from 1.74×10−2 to 5.76×10−6, and the 𝐿∞ error
from 7.15×10−2 to 1.52×10−5. The figure visualizes the solutions in the 2D
case through false colors.

which strikes a good balance between BEM computational costs
and convergence speed. The method proceeds as follows: during
the 𝑘 th interior-exterior alternation, we move the double-layer term
to the right-hand side of Eq. (13) and update 𝑢 via a single step:

𝑢 (𝑘+1) (𝒙𝑖 ) = B[𝑢 (𝑘 ) ] (𝒙𝑖 ), (14)

where B is the boundary operator defined as

B[𝜙] (𝒙) = 2
(︃
V
[︂ 𝜕𝜙
𝜕𝑛

; 𝜕Ω
]︂
− K[𝜙 ; 𝜕Ω]

)︃
(𝒙)

≈ 2
∑︁

𝑖

(︃
V
[︂ 𝜕𝜙
𝜕𝑛
(𝒙𝑖 ); Γ𝑖

]︂
− K[𝜙 (𝒙𝑖 ); Γ𝑖 ]

)︃
(𝒙),

(15)

for all boundary point 𝒙 ∈ 𝜕Ω. To control global convergence, we in-
troduce a relaxation factor, a standard technique in iterative schemes;
that is, we determine the final update rule for the exterior solve by
interpolating between the current iterate 𝑢 (𝑘 ) and the intermediate
update from Eq. (14), i.e.,

𝑢 (𝑘+1) (𝒙𝑖 ) = (1 − 𝜔 (𝑘 ) ) 𝑢 (𝑘 ) (𝒙𝑖 ) + 𝜔 (𝑘 ) B[𝑢 (𝑘 ) ] (𝒙𝑖 ), (16)
where 𝜔 (𝑘 ) > 0 denotes the relaxation factor chosen at the 𝑘-th
iteration—Sec. 6.2 provides an adaptive strategy for choosing it.
This updated value serves as the boundary constraint for the subse-
quent interior solve, which is assembled from Eq. (5). The process
then repeats until the difference between B[𝑢 (𝑘 ) ] and 𝑢 (𝑘 ) drops
below a prescribed tolerance, signaling that the interior and exterior
solutions are now compatible and the iterations have converged to
the correct solution.

6 Convergence Analysis and Adaptive Relaxation
While conceptually simple, our interior-exterior alternating ap-
proach is robust and efficient in practice as we now demonstrate.
In particular, we prove convergence in one single step for a special
case in Sec. 6.1, and discuss the behavior of the dynamic relaxation
scheme for general cases in Sec. 6.2.

6.1 One-Step Convergence for Poisson BVP and Beyond
We analyze the convergence behavior of our iterative solver from a
boundary perspective. For now, we assume the interior PDE problem

to be linear. Let 𝑢 denote the exact solution of the original problem
(Eqs. (1a) to (1c)) on the artificial interface 𝜕Ω. For the 𝑘 th iteration,
we define the error as 𝜀 (𝑘 ) =𝑢 (𝑘 ) − 𝑢. Since 𝑢 is a fixed point of B
(see Eq. (14)) and by linearity, we have

B[𝑢 (𝑘 ) ] = B[𝑢] + B[𝜀 (𝑘 ) ] = 𝑢 + B[𝜀 (𝑘 ) ]. (17)
Neglecting numerical discretization errors and substituting this
identity into the update rule (Eq. (16)), we obtain an equation for
the evolution of the error as:

𝜀 (𝑘+1) =
(︂
(1 − 𝜔 (𝑘 ) ) I + 𝜔 (𝑘 ) B

)︂
[𝜀 (𝑘 ) ], (18)

where I is the identity operator. Consequently, the convergence of
the iteration depends on the spectrum of the operator B.

For the classical Poisson equationwith no cavities, the third Green’s
identity in Ω yields the following principal value formulation for
the boundary solution:

𝑢 (𝒙) = −B[𝑢] (𝒙) + 2
∫
Ω
𝑓 (𝒙′)𝐺 (𝒙′, 𝒙) d𝑉 ′, 𝒙 ∈ 𝜕Ω, (19)

where the negative sign preceding B arises because of our choice of
outwards normal vectors on 𝜕Ω, opposite in the interior formulation
compared to the exterior formulation used in Eq. (12). Since 𝑢 (𝑘 ) is
also a solution to the interior Poisson problem (solved with high
precision), it must satisfy this interior Green’s identity. Subtracting
Eq. (19) for the exact solution 𝑢 from the corresponding equation
for the iterate 𝑢 (𝑘 ) yields:

𝜀 (𝑘 ) = −B[𝜀 (𝑘 ) ], (20)
which implies that −1 is an eigenvalue of B. Substituting this result
into Eq. (18) leads to

𝜀𝑘+1 = (1 − 2𝜔 (𝑘 ) ) 𝜀 (𝑘 ) . (21)
As a consequence, if we choose 𝜔 (0) =1/2, the error for this simple
Poisson equation vanishes after a single iteration (see Fig. 3), regard-
less of the initial guess 𝑢 (0) . In App. C, we present spectral analyses
of the operator B for several non-classical problems defined on
canonical geometries. These results provide deeper insights into
the convergence behavior of the proposed iterative method within
more general settings.

Discussion. It is important to note that the boundary operator
B relies on the boundary normal derivative, which is intrinsically
linked to the interior solution. Formally, this relationship is:

B[𝜙] = 2 (V ◦ T − K)[𝜙 ; 𝜕Ω]. (22)
whereT maps prescribed Dirichlet values on 𝜕Ω to their correspond-
ing Neumann values (normal derivatives), subject to the interior
governing equations. In our implementation, T is realized via the
MAC-grid Poisson solver. For general cases such as linear problems
with non-canonical cavities or even nonlinear Poisson equations,
analyzing the spectrum of B becomes significantly more complex.
Nevertheless, from a qualitative perspective, these generalized prob-
lems can be viewed as perturbations of the classical Poisson BVP. For
most reasonable cases, we therefore expect the spectral properties
of B, and consequently the convergence behavior of our approach,
to remain comparable to the classical case. This observation enables
us to expect convergence through the use of an adaptive relaxation
strategy, as detailed below.
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L1 error: 4.27×10−1
L2 error: 5.43×10−1
L∞ error: 1.1∞×100

L1 error: ∞.00×10−2
L2 error: 1.09×10−1
L∞ error: 3.27×10−1

L1 error: 9.47×10−5
L2 error: 1.24×10−4
L∞ error: 3.40×10−4

−1 0 1 10−3 10−2 10−1 100

(a) Ground truth; (b) Dirichlet BC; (c) Neumann BC; (d) Ours.

Fig. 4. Large cavities. For this exterior Dirichlet problem of the Laplace
equation in 2D, a square of side length 0.8 within a computational domain
[−1, 1]2 is given Dirichlet conditions on its boundary as𝑢= (𝑥+𝑦)/(𝑥2+𝑦2 ) ,
which is therefore itself the analytical expression of its solution owing to
its zero Laplacian. Even in this extreme setting where the computational
domain is quite degenerate, our method for a 2562 grid converges after four
boundary-condition updates. In contrast, both homogeneous Dirichlet and
Neumann ABCs lead to errors that are 103 to 104 times larger. Here, (a)
visualizes the solution, while (b)–(d) show the absolute error.

6.2 Adaptive Relaxation
As explained in Sec. 6.1 and App. C, in most practical cases of linear
problems, the eigenvalues of the operators B cluster around −1.
However, this behavior may change drastically in more challenging
scenarios. For instance, when a cavity becomes so large that it
comes very close to the boundary of the computational domain
(thus making the effective computational domain Ω\Ωc very small),
the spectrum of B can shift significantly. In such cases, the fixed
relaxation 𝜔 (𝑘 ) = 1/2 is no longer optimal and may even lead to
divergence of the iterative method. To address this, we employ an
adaptive, dynamic update of the relaxation factor based on Aitken’s
delta-squared process [Aitken 1927].
Consider the iteration operator from step 𝑘 , denoted as L (𝑘 ) :=
(1−𝜔 (𝑘 ) ) I+𝜔 (𝑘 ) B, which acts on functions defined on 𝜕Ω. The
error evolution from Eq. (18) can be rewritten as

𝑢 (𝑘+1) − 𝑢 = L (𝑘 ) [𝑢 (𝑘 ) − 𝑢]. (23)
If we tentatively perform one additional iteration while keeping the
relaxation factor unchanged, we obtain

𝑢̃ (𝑘+2) − 𝑢 = L (𝑘 ) [𝑢 (𝑘+1) − 𝑢]. (24)
Assuming that the error term 𝑢 (𝑘 ) −𝑢 is an eigenfunction of the
current operator L (𝑘 ) (an assumption that becomes progressively
more accurate as the iterations near convergence), it follows that for
each point on the boundary, the update of 𝑢 (𝒙) at step 𝑘+1 satisfies

𝑢 (𝑘+1) (𝒙) − 𝑢 (𝒙)
𝑢 (𝑘 ) (𝒙) − 𝑢 (𝒙)

=
𝑢̃ (𝑘+2) (𝒙) − 𝑢 (𝒙)
𝑢 (𝑘+1) (𝒙) − 𝑢 (𝒙)

, 𝒙 ∈ 𝜕Ω. (25)

From this equation, we solve for 𝑢 (𝒙) from 𝑢 (𝑘 ) , 𝑢 (𝑘+1) , and 𝑢̃ (𝑘+2)
and use the result as the new 𝑢 (𝑘+2) to improve on 𝑢̃ (𝑘+2) , i.e.,

𝑢 (𝑘+2) = 𝑢 (𝑘+1) − (𝑢̃
(𝑘+2) − 𝑢 (𝑘+1) ) (𝑢 (𝑘+1) − 𝑢 (𝑘 ) )

(𝑢̃ (𝑘+2) − 𝑢 (𝑘+1) ) − (𝑢 (𝑘+1) − 𝑢 (𝑘 ) )
. (26)

Noting that L (𝑘 )−I=𝜔 (𝑘 ) (B − I) and defining the residual to be
expressed as 𝑟 (𝑘 ) :=B[𝑢 (𝑘 ) ]−𝑢 (𝑘 ) , Eq. (26) can be rewritten as

𝑢 (𝑘+2) = 𝑢 (𝑘+1) − 𝜔 (𝑘 ) 𝑟 (𝑘 )

𝑟 (𝑘+1) − 𝑟 (𝑘 )
𝑟 (𝑘+1) , (27)

which effectively corresponds to a different relaxation factor than
the original fixed 𝜔 (𝑘 ) .
In general, the assumption that 𝑢 (𝑘 ) − 𝑢 is an eigenfunction

does not strictly hold. Nevertheless, motivated by the expression of

Eq. (27), we can derive an update formula for the next relaxation
factor in a least-squares sense through

𝜔 (𝑘+1) = argmin
𝛼∈R




𝑟 (𝑘 ) − 𝛼 (︂
𝑟 (𝑘+1) − 𝑟 (𝑘 )

)︂


2 𝜔 (𝑘 )
= −

⟨︁
𝑟 (𝑘 ) , 𝑟 (𝑘+1) − 𝑟 (𝑘 )

⟩︁

𝑟 (𝑘+1) − 𝑟 (𝑘 )

2 𝜔 (𝑘 ) , (28)

where the inner product of residual functions is evaluated via a sum-
mation over the boundary faces, i.e., ⟨𝜙,𝜓 ⟩ ≈∑︁𝑖 𝜙 (𝒙𝑖 )𝜓 (𝒙𝑖 ) (Δ𝑥)𝑑−1.
In light of the convergence analysis in Sec. 6.1, we keep 𝜔 (0) = 1/2
as a reasonable initial guess. Finally, we note that the resulting accel-
eration strategy is equivalent to the vector-form Aitken accelerator
for fixed-point iteration from Irons and Tuck [1969], as reformulated
more recently by Birken et al. [2015].

7 Results
In this section, we discuss implementation details, before demon-
strating the broad applicability of our solver to computer graphics
tasks, and providing further evaluations of our method.

7.1 Implementation Details
Our numerical approach to open boundaries was implemented in
C++, and all our reported timings were obtained on a desktop
equipped with an Intel® Core™ i9-14900K processor (3.2 GHz) and
64GB of RAM. Our implementation follows the overall algorithmic
procedure summarized in Alg. 1, with just a few key implementa-
tion details that we elaborate upon next. The code is available at
https://gitlab.inria.fr/geomerix/public/OpenPoisson.

The Interior Solver. At each iteration, the interior Poisson problem
is solved using AMG-preconditioned Krylov subspace solvers from
AMGCL [Demidov 2019] and Eigen [Guennebaud et al. 2010], with
conjugate gradient for symmetric positive-definite systems and GM-
RES for non-symmetric or indefinite cases. Our framework is largely
agnostic to the choice of linear solver or spatial discretization (FEM,
FDM, or FVM), enabling easy substitution of alternative schemes to
suit specific applications or requirements.

The Exterior Solver. Evaluating single-layer (V) and double-layer
(K) potentials for boundary updates involves integrating Green’s
functions and their normal derivatives over constant elements (line
segments in 2D, square facets in 3D). Although closed-form expres-
sions exist (and given in App. A.2), direct summation is computa-
tionally prohibitive in 3D due to quadratic scaling. We therefore
accelerate computations using the fast multipole method (FMM)
implemented in the FMM3D library [Askham et al. 2024], approximat-
ing single- and double-layer potentials with monopole and dipole
sources, respectively. Accuracy is maintained via 4 Gauss–Legendre
quadrature points per face, and singular self-contributions are cor-
rected by replacing the quadrature term with its analytical value.

Convergence Criterion. As discussed in Sec. 6.1, convergence of
the algorithm is reached when the fixed-point condition (that is,
𝑢 (𝑘 ) (𝒙) ≈B[𝑢 (𝑘 ) ] (𝒙)) is fulfilled for all 𝒙 ∈ 𝜕Ω, meaning that the
norm of the residual 𝑟 (𝑘 ) must be sufficiently small throughout the
boundary of the computational domain. In practice, the magnitude
of the solution 𝑢 (𝒙) depends strongly on the specific problem setup,
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(a) Ground truth; (b) Dirichlet BC; (c) Neumann BC; (d) Ours.

Fig. 5. Spherical magnetic inclusion. For an inclusion (a disk in 2D or a ball in 3D) of radius 𝑅 = 0.9 centered at the origin with an homogeneous magnetic
susceptibility 𝜒 =1 inside the inclusion and 𝜒 =0 in the surrounding medium, embedded in the domain [−1, 1]𝑑 , we solve a heterogeneous Laplace problem
on a 256𝑑 grid, with solution values aligned at the origin. A uniform background magnetic field is applied vertically upward. Compared with homogeneous
Dirichlet and Neumann BCs, our method converges in 3 iterations and reduces the 𝐿2 error from 1.65 × 10−1 (Dirichlet) and 1.07 × 10−1 (Neumann) to
1.04 × 10−2 in 2D, and from 6.99 × 10−2 (Dirichlet) and 8.93 × 10−1 (Neumann) to 7.21 × 10−3 in 3D. The figure visualizes the 2D case, showing the magnitude
of the gradient field ∥∇𝑢 ∥ in false colors and overlaying the vector field −∇𝑢 as arrows.

(a) Dirichlet BC; (b) Neumann BC; (c) Ours.

Fig. 6. Magnetizing a boat. We visualize the magnetic field lines induced
by a metallic boat (𝜒 =1) when a uniform vertical magnetic field is imposed.
Computations are performed on a 2563 grid, with our method converging
after two iterations. Note that both Dirichlet and Neumann artificial bound-
ary conditions introduce pronounced artifacts; only our result correctly
captures the natural decay of the magnetic field at infinity.

so relying on an absolute error threshold for checking convergence
lacks flexibility and robustness. We use the initial residual 𝑟 (0) as a
reference and establish a relative convergence criterion via:

∥𝑟 (𝑘 ) ∥2 < 𝜂∥𝑟 (0) ∥2, (29)
where 𝜂 is a user-specified tolerance. In our experiments, we have
found 𝜂=10−6 provides a reasonable balance between accuracy and
computational cost.

7.2 Applications
We now review a number of graphics applications for which our
open-boundary solver is particularly suitable.

7.2.1 Magnetostatics Problems. A magnetostatic field is a magnetic
field generated by steady electric currents or permanent magnets.
It is governed by Maxwell’s equations under the magnetostatic as-
sumption, whereby time-dependent effects and the electric field are
neglected. When the magnetostatic field is expressed as the nega-
tive gradient of a magnetic scalar potential, its governing equations
can typically be reduced to a variable-coefficient Poisson equation.
This formulation has been widely adopted in computer graphics for
applications such as ferrofluid simulation and magnetic field-line
visualization [Ni et al. 2020, 2024; Huang et al. 2019; Huang and
Michels 2020; Shao et al. 2023].

(a) Dirichlet BC; (b) Neumann BC; (c) Ours.

Fig. 7. Attracting magnets. We visualize the magnetic field of two attract-
ing magnets (𝜒 =1) in a uniform horizontal magnetic field. Computation
are performed on a 2563 grid, with our method converging after two itera-
tions. Unlike the spurious artifacts induced by Dirichlet (a) or Neumann (b)
boundary conditions, our result correctly captures the decay behavior of
the magnetic field at infinity.

Magnetization. Placing a magnetizable object within an external
magnetic field induces itsmagnetization, which in turn generates an
auxiliary field. Calculating this magnetization—and the resulting to-
tal field—is critical for analyzing the interactions between magnetic
bodies. Let the induced magnetic field be denoted by 𝑯a = −∇𝜙 ,
where 𝜙 is the magnetic scalar potential. The corresponding gov-
erning equation is given by

∇ · (1 + 𝜒)∇𝜙 = ∇ · 𝜒𝑯e, (30)
where 𝑯e denotes the known external magnetic field, and 𝜒 is the
magnetic susceptibility, which is nonzero within the magnetizable
media and vanishes outside. In the absence of other surrounding
media, the magnetic field is unbounded and propagates to infinity,
naturally requiring a far-field boundary condition.
We validate our method on a classical benchmark problem: a

homogeneous medium sphere (or a disk in 2D) placed in a uniform
external magnetic field, as shown in Fig. 5. The disk or sphere is con-
centric with a square or cubic computational domain discretized on
a grid of resolution 256𝑑 , and the ratio between the diameter of the
disk/sphere and the side length of the domain is 0.9. The magnetic
susceptibility is set to 1 inside the medium and 0 outside. To regular-
ize the discontinuity across the interface, we smooth the jump using
a smooth Heaviside step function [Ni et al. 2020], with an interface
bandwidth of 4Δ𝑥 . Under this setting, the additional magnetic field
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[Ni et al. 2020]

Ours

Fig. 8. Ferrofluid simulation. Comparison of the Rosensweig instability in a ferrofluid (𝜒 =0.33) simulated on a 192×144×192 grid. Top row: a grid-based
magnetic field solver with ad-hoc magnetic shielding [Ni et al. 2020]; bottom row: the same solver enhanced with our iterative coupling scheme. From left to
right, the results are rendered at 𝑡 = 0 s, 0.1 s, 0.2 s, and 0.8 s. Due to incorrectly specified boundary conditions, the top-row simulation fails to keep the fluid
attached to the solid walls, resulting in only 5 × 5 spikes at equilibrium, whereas the bottom row produces 6 × 6 spikes.

𝑯a obtained using ad-hoc Dirichlet or Neumann boundary condi-
tions (as used in ferrofluid simulation by Ni et al. [2020]) deviates
significantly from the analytical solution: the Dirichlet condition
produces severely overestimated field strengths near the equator
(with the external field direction taken as the polar axis), while the
Neumann condition leads to extreme overestimation near the poles.
In contrast, our method converges within only three iterations in
both two and three dimensions, and the results agree closely with
the ground truth. Over the entire domain [−1, 1]𝑑 , our approach
achieves root-mean-square errors (RMSE) in the potential gradient
that are one to two orders of magnitude smaller than those obtained
with Dirichlet or Neumann ABCs.

Magnetized Objects. Fig. 6 visualizes the magnetic field lines of
the internal magnetic field induced in a metallic boat by a vertically
oriented external field in three dimensions. This example more in-
tuitively illustrates the non-physical artifacts introduced by ad-hoc
boundary conditions: although all boundary treatments qualitatively
capture the concentration of magnetic field lines near sharp tips
of the object, noticeable discrepancies arise away from the object
and close to the artificial boundary. With Dirichlet boundary con-
ditions, the field lines exhibit nonsmooth, large-angle deflections,
while under Neumann boundary conditions the field lines are unable
to leave the computational domain (known as magnetic shielding).
In contrast, our results correspond to a faithful restriction of the
infinite-domain solution onto the finite computational domain. Sim-
ilar behavior can also be clearly observed in the case of two magnets
magnetized by a horizontal external field and attracting each other
(Fig. 7), where the Dirichlet BC produces highly disordered field lines
while the Neumann BC introduces pronounced spurious boundary
effects changing the overall solution drastically.

Ferrofluid Simulation. The use of artificial Neumann boundary
conditions inducing magnetic shielding is a major problem in the fer-
rofluid simulation framework of Ni et al. [2020]. We easily overcome
this limitation in dynamic simulations by wrapping our iterative

method around their grid-based magnetostatic solver. As illustrated
in Fig. 8, when a quiescent ferrofluid surface develops spike-like
structures under an externally applied uniform vertical magnetic
field (a phenomenon known as the Rosensweig instability [Cowley
and Rosensweig 1967]), simulations with spurious magnetic shield-
ing fail to generate spikes tangent to the solid boundary (i.e., the
boundary of the computational domain) because of the imposed
Neumann conditions. In contrast, our approach removes these ar-
tifacts within only three iterations, producing an additional outer
ring of spikes. Each step of magnetic field computation uses the
magnetic scalar potential 𝜙 from the last step as the initial guess,
while the boundary values are initialized to zero. The enforcement
of far-field conditions at each time step of this dynamic example
results in an artifact-free simulation that is consistent with the one
obtained using a pure BEM for the same scenario [Ni et al. 2024,
Fig. 5]. For the animations, please refer to the supplementary video.

Solar Coronal Field. In cases where the magnetic susceptibility
is nonlinear or unobservable, such as in astrophysical objects, it is
generally infeasible to directly solve Eq. (30). Nevertheless, since
Eq. (30) always degenerates to the Laplace equation ∇2𝜙 = 0 in
vacuum (owing to Gauss’s law for magnetism that implies ∇·𝑯e=0),
the magnetic field computation can be reformulated if the magnetic
field values on the surfaces of all magnetic bodies (forming cavities
in the domain) are known. Specifically, given the normal derivative
of 𝜙 on these surfaces, the problem reduces to a Neumann exterior
BVP for the Laplace equation, known as the potential field source
surface (PFSS) model [Altschuler 1969; Priest 2014, Sec. 3.3]. As
shown in Fig. 9, we compute the magnetic field distribution around
the Sun using the zero-point–corrected magnetogram synoptic map
provided by the U.S. National Solar Observatory [2026], and visualize
the resulting magnetic field lines. The figure demonstrates that our
method faithfully reconstructs the local structure of the solar coronal
magnetic field, whereas Dirichlet and Neumann artificial boundary
conditions introduce non-physical magnetic leakage or spurious
magnetic shielding.
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(a) Input flux data; (b) Dirichlet BC; (c) Neumann BC; (d) Ours.

Fig. 9. Solar magnetic field. Using magnetic flux data on the solar surface obtained from real observations (a) as input—where red indicates outward flux
and blue indicates inward flux—we compute the magnetic field distribution in the vicinity of the solar corona based on the PFSS model on a 2563 grid. In the
ideal case, all magnetic field lines emerging from the surface eventually return to it, and their strength naturally decays to zero at infinity. Our method (d)
converges to this desired behavior after two iterations, whereas the Dirichlet (b) and Neumann (c) ABCs suffer from different forms of boundary effects. In all
results, the magnetic field lines originate from the same starting points to ease visual assessment.

7.2.2 Fluid Dynamics Problems. In computational fluid dynamics
(CFD) and fluid animation for computer graphics, Poisson-like BVPs
play a central role. The widespread appearance of the Laplace opera-
tor in fluid models primarily stems from two sources: the divergence-
free constraint imposed on the velocity field by incompressibility,
and the isotropy of pressure, which gives rise to gradient forces that
resist volumetric deformation.

Leray Projection. Fluid simulation methods based on operator
splitting decompose the velocity update within a single time step
into two stages: advection and velocity projection [Stam 1999]. Af-
ter advection, the intermediate velocity field 𝒖∗ is generally not
divergence-free. Enforcing incompressibility, therefore, requires
solving the following Poisson problem{︃ ∇2𝑝∗ = ∇ · 𝒖∗, in the fluid, (31a)

𝒖∗ − ∇𝑝∗ = 𝒖s, on the fluid–solid interface, (31b)
followed by the update 𝒖 ← 𝒖∗−∇𝑝 , which extracts the divergence-
free component of 𝒖∗. This operation is commonly referred to as a
Leray projection. Here, 𝑝∗ denotes a scaled pressure that incorporates
the time-step size and fluid density, and𝑢s is the solid velocity, which
vanishes for stationary boundaries. In many practical scenarios—
such as a plume of smoke rising in the atmosphere or a submarine
moving in the deep ocean—the simulated domain has no explicit
physical boundary. In such cases, an accurate projection is only
well-defined under far-field boundary conditions at infinity, whereas
imposing homogeneous Dirichlet or Neumann conditions for the
pressure on an artificial computational boundary constitutes merely
an ad-hoc approximation used purely for numerical convenience.

Fig. 10 visualizes the streamlines of a flow field around a dolphin.
The input field is generated from a uniform flow whose incom-
pressibility has been violated by perturbations near the dolphin.
We compare the effects of performing the Leray projection using
the conventional approach with Neumann boundary conditions
imposed on the computational domain boundary and using our
method. Artificial boundary conditions cause the streamlines near
the outer boundary of the domain to bend erroneously towards the
boundary, leading the entire flow field to deviate from the behavior

(a) Input flow; (b) Neumann BC; (c) Ours.

Fig. 10. Leray projection. We randomly generate a velocity field with
nonzero divergence on a 384×216×216 grid (see streamlines in (a)) and place
a dolphin as a solid boundary. By solving a Poisson equation for pressure
with interior Neumann boundary conditions, we enforce incompressibility
of the flow. Imposing 𝜕𝑝/𝜕𝑛 = 0 on the computational domain boundary (b)
as often done in graphics causes the streamlines to be incorrectly “attracted”
to the boundary, whereas our method, converging in only two iterations,
produces streamlines in an effectively unbounded ocean (c).

expected in unbounded space. Note that the streamline starting
points are identical in all images to help with visual comparison.

Velocity from Vorticity. In contrast to methods that directly evolve
the velocity field 𝒖, vortex methods operate on the vorticity field
𝝎 = ∇ × 𝒖, thereby better preserving the angular momentum of the
flow. However, for advection and measurement, the velocity field
must be reconstructed from the vorticity at the end of each time step.
Two reconstruction strategies are commonly used in practice: one
based on the Biot–Savart law [Angelidis and Neyret 2005], and the
other based on solving a Poisson equation [Bridson 2015, Sec. 14.1].
The former evaluates the contribution of Green’s functions induced
by vorticity “charges” at all sample points, typically with a mollified
kernel to remove the singularity. The latter introduces a vector
potential 𝝍 (or a scalar stream function in two dimensions) satisfying
the gauge condition ∇ · 𝝍 = 0 and the relation ∇ × 𝝍 = 𝒖. Using
standard vector identities, this leads to the Poisson equation

∇2𝝍 = −∇ × ∇ × 𝝍 = −𝝎, (32)
which is then solved numerically. Both reconstruction strategies,
however, exhibit certain limitations due to the way boundary con-
ditions are handled, which our method effectively addresses.

The Biot–Savart formulation is derived in free space and therefore
naturally induces a far-field condition at infinity. However, it does
not account for the influence of solid boundaries. Among all velocity
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(a) Dirichlet BC; (b) Neumann BC; (c) Ours.

Fig. 11. Exterior Dirichlet problem. For an exterior Dirichlet problem of the Laplace equation, we show two examples, one prescribing a function
𝑢= (𝑥2 − 𝑧2 )/(𝑥2 + 𝑦2 + 𝑧2 )2.5 on a bunny-shaped model and one prescribing 𝑢= (𝑥 + 𝑦 + 𝑧 )/(𝑥2 + 𝑦2 + 𝑧2 )1.5 on a dragon-shaped domain as respective
Dirichlet boundary conditions. We compare the performance of our method with that of Dirichlet and Neumann ABCs on a 2563 MAC grid. We visualize the
resulting field values with false colors and overlay an inset showing the absolute error between the numerical solution and the ground truth for a middle slice
of the computational domain. Both Dirichlet and Neumann ABCs exhibit significant boundary-induced errors. For the bunny, the volume-averaged 𝐿2 error
over the entire computational domain reduces from 2.11×10−1 (Dirichlet) and 1.94×10−1 (Neumann) to 1.60×10−2 (ours). For the dragon, the volume-averaged
𝐿2 error reduces from 5.14×10−1 (Dirichlet) and 9.27×10−1 (Neumann) to 3.27×10−2 (ours).

fields 𝒖 satisfying ∇ × 𝒖 =𝝎, selecting the one that is consistent
with the boundary conditions of the simulated scene requires an
additional projection step [Bridson 2015, Sec. 14.3.7]. This projection
is analogous to the one used in Stable Fluids (cf. Eq. (31)), except that
the velocity field is already divergence-free in the fluid interior. To
remain consistent with the far-field assumption of the Biot–Savart
law, one must solve a Neumann exterior BVP for the Laplace equa-
tion, which is challenging for conventional numerical methods. As
shown in Fig. 12, a uniform flow in an unbounded domain is de-
flected by the presence of a solid boundary, namely the whale. Based
on the undisturbed flow, we impose Neumann boundary conditions
on the whale surface for the pressure and solve an exterior Laplace
problem, after which the flow field is corrected using the negative
gradient of the pressure. The resulting streamlines are free from
any artificial computational domain influence.

(a) Input flow; (b) Projected flow.

Fig. 12. Uniform flow around a whale. In four iterations, our method
successfully makes the incompressible flow aware of solid boundaries upon
a 384 × 216 × 216 computational grid, without introducing any artificial
domain truncation. The whale covers about 80% of the domain size.

−0.5 0.0 0.5 0.05 0.10 0.15

(a) Vorticity (input); (b) Velocity (reconstructed).

Fig. 13. From vorticity to velocity. From an opposite pair of vortices (a),
our method correctly recovers the stream function corresponding to the
flow in an unbounded domain after a single iteration on a 480 × 270 grid,
visualized through its velocity field (b).

The Poisson-based method, on the other hand, benefits from
the locality of differential operators and handles solid boundaries
more easily. However, due to the bounded-domain discretization, it
cannot account for, and accurately reproduce, the far-field behavior
at infinity. Ourmethod provides a practical remedy to this issue: with
only a few iterations, we can convert a stream function (or vector
potential) defined on a bounded domain into one that is consistent
with open-space conditions. In the absence of solid boundaries, even
a single iteration suffices. See Fig. 13 for an example.

Vortex-In-Cell Simulation. We also evaluate the performance of
our method in dynamic fluid simulations within the vortex-in-cell
framework of Selle et al. [2005], where vortex particles are advected
and then transferred to a grid to reconstruct the velocity field. As
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𝑡 = 0 s 𝑡 = 3 s 𝑡 = 5 s 𝑡 = 6 s 𝑡 = 0 s 𝑡 = 2 s 𝑡 = 4 s 𝑡 = 6 s
No-penetration

Ours

No-penetration

Ours

Fig. 14. Vortex-In-Cell simulation. We conduct two simulation scenarios on a 512 × 512 grid. The top row shows results with no-penetration BCs imposed
at the domain boundaries, while the bottom row demonstrate our method that enforces open-boundary conditions. All the other conditions, in particular, the
systematic discretization error introduced by the finite-difference scheme, are identical. Using our approach, the leapfrogging vortex pairs remain separated,
rotating around each other and rising upward as expected (left). And the oppositely-signed vortex pairs continuously rise and pass over the obstacle (right). In
contrast, ad-hoc boundary treatments lead to visually obvious artificial deceleration and even vortex merging (top). Such differences are observed even when
the convergence tolerance of the interior solves is reduced to machine precision. Red and blue indicate counterclockwise and clockwise vortices respectively,
while the gray disk represent solid obstacles.

shown in Fig. 14 (left), in the leapfrogging vortex experiment, the
presence of artificial boundary conditions causes the velocity field to
deviate from the far-field solution, resulting in reduced flow speeds
and even the merging of vortex structures near the boundary. In con-
trast, our method reproduces the correct behavior with just a single
iteration: the discrete vortices remain well separated throughout the
simulation, unaltered by the presence of a computational domain. In
Fig. 14 (right), for the oppositely-signed vortex pair experiment in
the presence of obstacles, our method reconstructs a flow field that
satisfies both the no-penetration condition on solid boundaries and
the far-field condition within two iterations. In contrast, the standard
Vortex-In-Cell method underestimates the vortex convection speed
due to spurious boundary effects. Note that the interior streamfunc-
tion𝜓 from the last step serves as the initial guess in each solve, and
that the frame-by-frame treatment of the far-field condition does
not result in dynamic artifacts in the resulting simulation—see the
supplementary video for animations.

7.2.3 Dirichlet Problems. Thus far, we have presented variable-
coefficient Poisson equations as well as Neumann exterior BVPs
for Laplace and Poisson equations. In addition to these, Dirichlet
exterior problems also arise in a wide range of graphics applica-
tions, and they can likewise be solved efficiently using our proposed
iterative method. We now provide several representative examples.

Harmonic Extension. Solutions to the Laplace equation—commonly
referred to as harmonic functions—possess a number of important
properties and are widely used in geometry processing tasks such as
surface parameterization and generalized barycentric coordinates.
In many applications, we know a field on the surface of an object,
and need to smoothly interpolate it throughout space, correspond-
ing to Dirichlet boundary conditions imposed on a polygonal mesh.
With our iterative method, we efficiently solve exterior Laplace
problems from any given Dirichlet data. This further implies that,
for any harmonic function defined over the entire space R𝑑 , if one
selects an arbitrary closed surface and stores the function values

on that surface, then the harmonic function can be uniquely and
efficiently reconstructed within a prescribed neighborhood of the
surface. This property follows from the uniqueness of harmonic
extension in exterior domains.
Fig. 11 shows the numerical solutions of exterior problems on

two complex geometries where Dirichlet boundary conditions are
prescribed using the harmonic functions 𝑢= (𝑥2−𝑧2)/(𝑥2+𝑦2+𝑧2)2.5
and𝑢= (𝑥+𝑦+𝑧)/(𝑥2+𝑦2+𝑧2)1.5. Naturally, these functions also serve
as ground-truth solutions over the entire domain R𝑑 \ Ωc. When
Dirichlet ABCs are applied, the resulting equipotential surfaces
contract relative to the ground truth; conversely, Neumann ABCs
expand them. Both treatments introduce visible spurious boundary
effects. In contrast, our method converges in only 4 (dragon) or 6
(bunny) iterations, achieving smaller RMSE by one to two orders of
magnitude—in our visualizations, the error is nearly indistinguish-
able from zero, demonstrating the high fidelity of our method.

Path Planning. The artificial potential field (APF) method [War-
ren 1989; Barraquand et al. 1992] is a classical approach in robot
path planning. By treating the goal as an attractor and obstacles
as repulsors, one can construct a virtual potential field that guides
the robot’s motion. Compared to potential fields constructed from
inverse-square laws or other ad-hoc kernel functions, potentials
obtained by solving the Laplace equation are free of spurious local
minima and exhibit superior smoothness properties [Sato 1992].
In a typical formulation, negative Dirichlet values are imposed on
the surface of the target object, while positive Dirichlet values are
imposed on the surfaces of obstacles. Solving the Laplace equation
under these boundary conditions yields a potential 𝜙 whose nega-
tive gradient −∇𝜙 defines the robot’s desired direction of motion.
Evidently, an ideal potential field should guide a robot from any
initial position in free space toward the target, which can only be
achieved by solving the Laplace equation under open (unbounded)
boundary conditions, rather than within a truncated domain.
In Fig. 15, we construct a robot path-planning test environment

containingmany obstacles. Under the conventional setup—assigning
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(a) Neumann BC; (b) Ours (Dirichlet on obstacles); (c) Ours (Neumann on obstacles).
Fig. 15. Laplace-based path planning. Path-planning of a robot towards a target (red flag) is performed on a 640 × 360 grid, visualized as field lines on
the ground (negated gradient of the potential field) to indicate the motion direction. Neumann BC on the computational domain boundary (a) leads to the
trajectory being deflected by the computational domain, while an open-boundary Laplace equation with Dirichlet BC on the obstacles (b) results in overly
smooth paths that become quite long, even exiting the domain; solving an open-boundary path-planning problem with Neumann BC on obstacles, instead,
produces paths toward the target that are both short and smooth (c).

64 128 192 −10 −5 0

(a) Source field 𝑓 ; (b) ∇2𝑢 = 𝑓 ;
−0.4 −0.2 0.0 −0.4 −0.2 0.0

(c) ∇2𝑢 + 5𝑢2 𝑓 = 𝑓 (Dirichlet BC); (d) ∇2𝑢 + 5𝑢2 𝑓 = 𝑓 (ours).

Fig. 16. Nonlinear Poisson problem. Our method can also address non-
linear Poisson problems. For instance, our method (d) successfully solves
Eq. (33) for a piecewise-constant source field shown in (a). It provides a
solution that correctly takes the far-field BC into account and is markedly
different from a naive linearization (b) or Dirichlet ABC (c). Here we use
AMG-preconditioned BiCGSTAB instead of AMG-PCG because of the lack
of positive definiteness of the resulting system.

a positive potential on obstacle surfaces (here 𝜙 = 1), a negative
potential on the target surface (here 𝜙 = −5), and imposing the
artificial boundary condition 𝜕𝑛𝜙 = 0—the resulting trajectory is
confined within the computational boundary. Moreover, the path
bends unnaturally near the boundary due to the Neumann boundary
condition (Fig. 15a). If the actual problem does not involve a hard
spatial limit (e.g., when the robot is an aerial vehicle or a ship), such
a treatment inevitably restricts the agent’s freedom of navigation.
By removing the Neumann ABC, our iterative method converges
within six iterations and yields a solution with much smoother
turning behavior. The paths exiting the boundary indicate that
the computational domain should be enlarged to better guide the
robot’s motion (Fig. 15b). In addition, far-field BCs enable another
Laplace-based path-planning strategy: imposing 𝜕𝑛𝜙 =0 on obstacle
surfaces instead of Dirichlet conditions. In this case, the resulting
paths preserve harmonic smoothness while favoring shorter routes,
as illustrated in Fig. 15c. This latter approach is not possible for
Neumann ABCs, as it yields the trivial constant solution.
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(b) 3D case (𝑛 = 128).
Fig. 17. Performance comparisons. For the exterior Dirichlet problem of
the Laplace equation from Fig. 4 and its 3D generalization (using a cube of
side length 0.8, with 𝑢= (𝑥+𝑦+𝑧 )/(𝑥2+𝑦2+𝑧2 )1.5), we evaluate the perfor-
mance of Dirichlet and Neumann ABCs as the size of the computational
domain increases. Grid resolution is set to (𝑠𝑛)𝑑 and the computational
domain is [−𝑠, 𝑠 ]𝑑 , with 𝑠 ∈ {1.0,1.5,2.0,2.5,3.0}; we plot the error as a func-
tion of time measured in the region [−1, 1]𝑑 for 𝑛=256 in 2D and 𝑛=128 in
3D. Artificial boundary methods converge very slowly, whereas our method
achieves accurate results within only a few iterations. The coordinates of
the intersection of the two dashed lines represent the computational time
and error of our method when it converges at 𝑠=1, for comparison.

7.3 Further Evaluations
Nonlinear Case. Our method is not limited to linear Poisson BVPs;

it is also effective for nonlinear problems. We demonstrate this case
using the nonlinear equation

∇2𝑢 (𝒙) + 5𝑓 (𝒙) 𝑢2 (𝒙) = 𝑓 (𝒙), 𝒙 ∈ R2, (33)
in which the reaction term 5𝑓 𝑢2 depends quadratically on the so-
lution 𝑢. We let 𝑓 (𝒙) follow the pattern shown in Fig. 16a and
discretize the problem on a 400 × 200 MAC grid. If the nonlinear
reaction term is ignored, the resulting field is completely diffuse, as
shown in Fig. 16b. When the nonlinear term is included but Dirich-
let ABCs are applied, the visualization of the solution 𝑢 in Fig. 16c
roughly recovers the source pattern but still suffers from noticeable
boundary effects. In contrast, our method successfully produces a
solution that decays at infinity using only four boundary updates,
as shown in Fig. 16d.

Computational Complexity. We note that Alg. 1 requires the same
memory footprint as the original bounded-domain formulation,
namely O(𝑁 ). The total computational complexity is O(𝐾𝑇𝑁 ),
where𝑇 denotes the number of iterations used by the interior linear
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Fig. 18. Adaptive relaxation and convergence. The adaptive relaxation
strategy performs robustly across a wide range of experimental scenarios,
as our method always converges within only a few iterations. Left: the
evolutions of the relaxation factor 𝜔 (𝑘 ) . Right: the corresponding residual
norm ∥𝒓 (𝑘 ) ∥ . The results reveal several interesting observations; for example,
cavities with Dirichlet BCs lead to an optimal 𝜔 smaller than 1/2, whereas
cavities with Neumann BCs yield an optimal 𝜔 larger than 1/2.

solver, and 𝐾 denotes the number of boundary-condition iterations
required for convergence. The cost of evaluating the boundary in-
tegrals has been omitted from the asymptotic complexity estimate
due to their negligible nature: when performed on a 256𝑑 grid (with
the setup shown in Fig. 3, where all cells are active), the time spent
on boundary integrals accounts for only about 7.6% of the total
runtime in 2D (without FMM) and 11.3% in 3D (with FMM), which
is indeed a small overhead. The overall performance of the algo-
rithm is therefore dominated primarily by the number of calls to
the interior solver, i.e., by 𝐾 . One also benefits from restarting the
interior solves with the previous solution (warm start), as it speeds
up the total algorithm runtime.

To quantitatively evaluate the performance of the proposed itera-
tive method, we construct the experimental setup shown in Fig. 4.
Even in the presence of such an extreme interior cavity, our method
converges within only four iterations and achieves substantially
higher accuracy than ABCs. In this scenario and its 3D generaliza-
tion, we compare our approach against homogeneous ABCs com-
bined with an enlargement of the computational domain; the results
are shown in Fig. 17. These experiments highlight that the latter
strategy is not only less accurate, but also significantly more expen-
sive than our proposed iterative scheme.

Relaxation Factor. Regarding the optimal choice of the relaxation
factor 𝜔 in our method, its adaptive update is essential for efficiency
across different scenarios. As shown in the fifth column of Table 1,
fixing the relaxation factor (e.g., keeping it equal to 1/2) can signifi-
cantly increase the number of iterations required for non-standard
Poisson problems, and may even lead to divergence. This sensitivity
arises because the admissible range and optimal value of 𝜔 depend
on factors such as problem type and size of the interior cavity.
To better understand this behavior, we recorded the evolution

of the optimal relaxation factors during the execution of the algo-
rithm over various experiments; the results are presented in Fig. 18.
Qualitatively, cavities with Dirichlet boundary conditions tend to
yield an optimal relaxation factor smaller than 1/2, with smaller
values for larger cavity sizes. In contrast, cavities with Neumann
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Fig. 19. ComparisonwithBEM in 3D.We compare the computational cost
of our method with that of collocation BEM for solving the magnetization
problem of a sphere (see Fig. 5) at comparable accuracy. In the absence of
source terms, BEM has a lower complexity, which is precisely where its
primary advantage lies. However, when a uniform source field is distributed,
the volume integrals needed in BIE have the same asymptotic complexity
as FDM while incurring a relatively large constant factor. In contrast, the
performance of our method is essentially unaffected by the presence of
source terms. Both methods use four quadrature points per face and eight
quadrature points per cell. Note that memory allocation in the FMM3D
library is heuristic, so the runtime growth of BEM is less smooth than ours.

boundary conditions lead to an optimal relaxation factor larger than
1/2, with larger values for larger cavity sizes. Spatially-varying dif-
fusion coefficients also cause deviations from 1/2, although without
a clear general trend. Notably, the presence or absence of source
terms does not affect the optimal relaxation factor. Even in extreme
cases, there always exists a choice of 𝜔 ensuring convergence; this
is partially explained by our analysis in App. C, which also provides
insight into the mechanisms underlying these observations.

7.4 Comparisons with Existing Methods
Finally, we compare our approach with existing methods for solving
Poisson problems on unbounded domains. Overall, our simpler
method exhibits strong generality, achieving a favorable balance
between efficiency and accuracy across a wide range of problems.

With Pure BEM. By exploiting the properties of BIEs over the
entire solution domain, BEM is particularly well-suited for solving
both interior and exterior problems of the Laplace equation [Da
et al. 2016; Solomon et al. 2017]. For variable-coefficient problems
in which the diffusion coefficient is piecewise constant, BIEs can be
formulated on the interfaces where coefficient discontinuities occur,
enabling BEM to effectively address such cases as well [Huang and
Michels 2020]. Compared with volumetric methods such as the FDM,
FVM, and FEM, a major advantage of the BEM is that the resulting
discretized system involves far fewer unknowns, which generally
leads to substantially higher computational efficiency.

In Fig. 19, we compare the computational efficiency of our method
with a collocation BEM solver based on matrix-free GMRES for the
3D version of the scenario shown in Fig. 5, under different spatial
resolutions. To ensure comparable accuracy, on an 𝑛3 grid we set
the number of BEM DoFs (i.e., the number of vertices on the spher-
ical boundary mesh) to 4𝑛2. In terms of iteration count, the BEM
solver requires approximately three times as many iterations as our
method. Each iteration of our method consists of one PCG solve
and one boundary-to-boundary integral evaluation, whereas each
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(a) Kelvin transform; (b) Ours.

Fig. 20. Comparison with KT in 2D. For a 2D exterior Dirichlet prob-
lem for the Laplace equation with nonzero net flux, the Kelvin trans-
form uses 779 800 valid cells, whereas our method uses 89 060. Over
[−1, 1] × [−0.5, 0.5], KT yields 𝐿2 and 𝐿∞ errors of 1.91 and 4.18 respec-
tively, reflecting a systematic bias; after just four iterations, our method
achieves 𝐿2 and 𝐿∞ errors of 1.78×10−3 and 5.98×10−3 instead. The upper
row visualizes the result fields, while the lower row shows the error fields
relative to the analytical ground truth.

BEM iteration requires only one boundary-to-boundary integral
evaluation and, after convergence, an additional boundary-to-bulk
integral to propagate the solution onto the grid. Across all tested
resolutions—particularly at higher resolutions—the lower asymp-
totic time complexity of BEM becomes increasingly advantageous.
However, as soon as the system contains non-removable source

terms, the BIE must take additional volume integrals into account.
The dual reciprocity BEM [Partridge et al. 1991] deals with the
integrals by fitting source terms with Radial Basis Functions (RBF)
before solving BIE, converting volume integrals back into surface
ones and thus bypassing volumetric discretization. Yet, solving the
dense RBF system obviously lacks scalability. Instead, we evaluate
the volume integrals directly over internal grids, a method that
proved more efficient in our experiments. This entails one bulk-
to-boundary integral as a preprocessing step and one bulk-to-bulk
integral for solution reconstruction. Since the complexity of FMM-
based integration grows linearly with the number of points while
carrying a relatively large constant factor, our method becomes
more favorable in this setting—the presence of source terms does
not affect the convergence of either the interior FVM solves or
the exterior iterations, the proof following analogously to that in
Sec. 6.1. If the grid resolution continues to increase, BEM will even
quickly run out of the memory in 3D, because its spatial complexity
is O(𝑝𝑑𝑁 ), where 𝑝 is the order of expansion. Finally, for more
general variable-coefficient or nonlinear equations, the applicability
of BEM is severely limited.

With Kelvin Transform. KT factorizes the decay term ∥𝒙 ∥2−𝑑 from
the solution 𝑢 (𝒙), thus mapping an exterior Laplace problem to an
interior one without altering the form of the equation. We compared
our approach vs. KT for solving the exterior Dirichlet problem for
the Laplace equation in the unbounded domain outside the region
enclosed by the Goursat surface (𝑥4+𝑦4+𝑧4)−2(𝑥2+𝑦2+𝑧2)=1, with

Table 1. Ablation study. Our method is compared against two variants:
(1) using a fixed relaxation factor of 0.5 (no Aitken’s acceleration); and (2)
solving the full BEM in the exterior domain instead of performing only a
single BIE evaluation. The BEM solver is implemented using a Neumann-
series formulation [Sugimoto et al. 2023; Ni et al. 2024], where repeated
BIE evaluations are accelerated by FMM. The results demonstrate that our
proposed scheme achieves a significant advantage in convergence: across
all tested scenarios, it consistently requires the fewest iterations.

Fig. Dim. Name Ours Fixed 𝜔 FVM–BEM
3 2 Circular source 1 1 6
3 3 Spherical source 1 1 5
4 2 Large cavity 4 ∞ 5
5 2 Magnetic disk 3 7 6
5 3 Magnetic ball 3 4 7
9 3 Solar field 2 3 7
10 3 Dolphin 2 2 7
12 3 Whale 4 6 7
11 3 Bunny 6 ∞ 7
11 3 Dragon 4 13 8

-0.55

0.68

1.91

3.15

Dirichlet BC

solution on a slice

boundary condition and ground-
truth solution given, respec-
tively, as 𝑢 (𝒙) = 𝒓1 · 𝒅/∥𝒓1∥3−
𝒓2 · 𝒅/∥𝒓2∥3, where 𝒓1 = 𝒙 −
(1, 1, 1), 𝒓2 = 𝒙 + (1, 1, 1), and
𝒅 = (1, 1, 1) (see inset). In this
simple 3D constant-coefficient
Laplace case, KT outperforms
our approach: by solving a single linear system, the Kelvin trans-
form is 4× faster than our approach, which takes four iterations to
converge to a similar accuracy.

Nevertheless, the situation changes in two dimensions. When the
net flux of the system is nonzero, the natural far-field behavior in 2D
diverges logarithmically, which cannot be factorized using ∥𝒙 ∥2−𝑑 .
In Fig. 20, we solve the exterior Dirichlet problem for the Laplace
equation outside the closed region enclosed by the Cassini curve
(𝑥2 + 𝑦2)2 − 2𝑐2 (𝑥2 − 𝑦2) = 𝑎4−𝑐4 with 𝑎 =0.525 and 𝑐 =0.5. The
boundary condition and ground-truth solution are both generated
from 𝑢 (𝒙)=4 log ∥𝒙 − 𝒙1∥ − log ∥𝒙 − 𝒙2∥, where 𝒙1 and 𝒙2 are the
left and right foci of the curve, respectively. Since the KT factor
does not match the asymptotic behavior of the solution anymore,
it yields significant error in this case. In contrast, our approach
provides greater accuracy by handling the far-field conditions via
Green’s functions and BIE, and thus works consistently in both
2D and 3D. While we could use log(𝑟 ) as the KT factor in 2D, the
resulting interior equation is no longer a simple Laplace equation
as it now has an additional singular term. Similarly, for variable-
coefficient or nonlinear problems lacking spherical symmetry, KT
significantly complicates the governing equations and is generally
not a recommended choice in practice.

With Coupled FVM–BEM. As discussed earlier, our method does
not exactly solve the exterior BEM problem. Instead, it applies a
damped update of Dirichlet data from the derived Neumann data of
the interior FVM—that is, an inexact solve of the BIE. Alternatively,
one could solve the exact BIE for the exterior Neumann problem
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of the Laplace equation, and then feed the resulting solution into
subsequent iterations. However, as shown in the last column of
Table 1, this approach is almost always inferior. Not only does
solving the full BEM significantly increase the cost per iteration,
but it also violates the properties established in Sec. 6.1, thereby
increasing the total number of iterations. Together, these issues
would result in a substantial increase in overall computational cost.

8 Conclusion and Future Work
We presented a simple and practical Poisson solver that effectively
handles open boundaries, and showcased its efficacy across a variety
of problems in computer graphics. Our method eliminates the need
to discretize regions far from the main area of interest, ensuring
that all discrete cells maintain comparable physical scales—a fea-
ture that benefits numerical conditioning and accuracy. Our method
is also highly versatile: it consistently processes domains with or
without explicit boundaries and accommodates governing equa-
tions ranging from the simple Laplace equation to the more general
variable-coefficient and nonlinear Poisson equations, with conver-
gence automatically managed via an adaptive relaxation scheme.

We emphasize that although this work focuses on solving the Pois-
son equation, our method can be naturally extended to unbounded-
domain problems for other equations, such as the screened Poisson
and Helmholtz equations by simply replacing the integral kernel in
the exterior BEM solve with the Yukawa or Helmholtz potential, re-
spectively. This represents a straightforward next step that we wish
to evaluate. Beyond that, applying our method to the simulation of
nonlinear magnetizable materials in motion is an interesting direc-
tion for future exploration, as it allows our method to be directly
wrapped around the solver of Sun et al. [2021]. For fluid simulation
applications, the vortex-in-cell comparison in Fig. 14 currently must
be terminated once any vortex particle reaches the boundary. This
is purely a limitation of the present fixed-grid experimental setup.
Since our method is fully compatible with adaptive grids, this is-
sue should be addressed in practical deployments. Looking further
ahead, developing a boundary-free advection solver for particle-free
stable fluids can also naturally complement the unbounded-domain
velocity projection enabled by our method. Finally, more formal
proofs of efficient convergence of our approach for highly non-linear
equations would also be desirable.
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A Analytic Expressions
In this appendix, we provide a number of analytical expressions of
Green’s functions and details about layer potentials when piecewise
constant elements are used to ease implementation.

A.1 Fundamental Solutions of the Laplace Operator
Throughout this paper, the fundamental solution of the Laplace
operator refers to the Green’s function of the Poisson equation in
free space, namely the solution

∇2𝐺 (𝒙, 𝒙′) = 𝛿 (𝒙 − 𝒙′), 𝒙 ∈ R𝑑 , (34)
where 𝛿 is the 𝑑-dimensional Dirac delta function. In 2D and 3D, the
fundamental solution admits the following closed-form expressions:

𝐺2D (𝒙, 𝒙′) = 1
2𝜋

log ∥𝒙 − 𝒙′∥, (35a)

𝐺3D (𝒙, 𝒙′) = − 1
4𝜋

1
∥𝒙 − 𝒙′∥ . (35b)

Their gradients are given by

∇𝐺2D (𝒙, 𝒙′) = 1
2𝜋

𝒙 − 𝒙′
∥𝒙 − 𝒙′∥2 , (36a)

∇𝐺3D (𝒙, 𝒙′) = 1
4𝜋

𝒙 − 𝒙′
∥𝒙 − 𝒙′∥3 . (36b)

These expressions directly yield the normal derivatives required for
the evaluation of the layer potentials.

A.2 Layer Potentials for Constant Elements
For each element, the source density is assumed constant over the
element, while the boundary integral kernel still varies with spatial
location. Owing to the simple rectangular geometry of boundary
faces in grid-based discretizations, the boundary integrals can be
evaluated in closed form and exploited efficiently in practice.

ℎ

𝑎

Δ𝑥

field point

source segment

We first consider the two-dimensional
case, where a boundary face is a line seg-
ment of length Δ𝑥 =2𝑑 , as illustrated in the
right inset. For a field point located at a tan-
gential offset 𝑎 from the segment center and
a normal distance ℎ, the single-layer poten-
tial induced by a constant element is proportional to

1
2𝜋

∫ +𝑑

−𝑑
log

√︁
(𝑥 − 𝑎)2 + ℎ2 d𝑥 =

1
4𝜋

Δ𝑥
𝑑
𝐹 (𝑎), (37)

𝐹 (𝑥) := 𝑥
√
𝑥2 + ℎ2 + 2ℎ arctan 𝑥

ℎ
− 2𝑥 ,

while the corresponding double-layer potential is proportional to

1
2𝜋

∫ +𝑑

−𝑑

ℎ

(𝑥 − 𝑎)2 + ℎ2 d𝑥 =
1
2𝜋

Δ𝑥
𝑑
𝐹 (𝑎), (38)

𝐹 (𝑥) := arctan
𝑥

ℎ
,

Here the first-order centered finite difference operator Δ𝑥
𝑑
is defined

by Δ𝑥
𝑑
𝐹 (𝑎)=𝐹 (𝑎+𝑑) − 𝐹 (𝑎−𝑑).

Δ𝑥

Δ𝑥

𝑎

𝑏

field point

source square

ℎ
Analogously, in three dimensions

a boundary face is a square of side
length Δ𝑥 =2𝑑 , as shown in the right
inset. For a field point located at tan-
gential offsets 𝑎 and 𝑏 from the square

center and a normal distance ℎ, the single-layer potential induced
by a constant element is proportional to

− 1
4𝜋

∫ +𝑑

−𝑑

∫ +𝑑

−𝑑

1√︁
(𝑥 − 𝑎)2 + ℎ2

d𝑥 d𝑦 =
1
4𝜋

Δ𝑥
𝑑
Δ
𝑦

𝑑
𝐹 (𝑎, 𝑏), (39)

𝐹 (𝑥,𝑦) := ℎ arctan 𝑥𝑦
ℎ𝑟
− 𝑥 log(𝑟 + 𝑦) − 𝑦 log(𝑟 + 𝑥),

where 𝑟 :=
√︁
𝑥2 + 𝑦2 + ℎ2. The corresponding double-layer potential

is proportional to

1
4𝜋

∫ +𝑑

−𝑑

∫ +𝑑

−𝑑

ℎ

((𝑥 − 𝑎)2 + ℎ2)3/2
d𝑥 d𝑦 =

1
4𝜋

Δ𝑥
𝑑
Δ
𝑦

𝑑
𝐹 (𝑎, 𝑏), (40)

𝐹 (𝑥,𝑦) := arctan
𝑥𝑦

ℎ𝑟
.

Here the second-order centered finite difference operator is now
Δ𝑥
𝑑
Δ
𝑦

𝑑
𝐹 (𝑎, 𝑏) :=𝐹 (𝑎+𝑑, 𝑏+𝑑)−𝐹 (𝑎+𝑑, 𝑏−𝑑)−𝐹 (𝑎−𝑑,𝑏+𝑑)+𝐹 (𝑎−𝑑, 𝑏−𝑑).

Gauss–Legendre Quadrature. Gauss–Legendre quadrature approx-
imates a continuous integral by a weighted sum of the integrand
evaluated at a set of discrete quadrature points. For rectangular
constant elements, a second-order Gauss–Legendre rule admits a
particularly simple form. In 2D, two quadrature points are placed
at distances ±Δ𝑥/2

√
3 from the segment center, each with weight

Δ𝑥/2. In 3D, four quadrature points are placed at tangential off-
sets (±Δ𝑥/2

√
3,±Δ𝑥/2

√
3) from the square center, each assigned a

weight of Δ𝑥2/4.

Correction of Self-Contribution. From Eqs. (36a)–(36b), we observe
that when the normal vector 𝒏 is orthogonal to 𝒙 − 𝒙′, the normal
derivative 𝒏 · ∇𝐺 (𝒙, 𝒙′) vanishes. Consequently, the double-layer
potential induced by a boundary face at its own center is identically
zero. This property does not hold for the single-layer potential.
Assuming a unit source density, a constant element produces a
nonzero self-contribution at its own center, given by

𝑤2D
0 =

Δ𝑥

2𝜋

(︃
log

Δ𝑥

2
− 1

)︃
, (41a)

𝑤3D
0 = −Δ𝑥

𝜋
log

(︂√
2 + 1

)︂
. (41b)

Because the underlying integral is weakly singular, special care
must be taken when evaluating the self-contribution numerically.
In the three-dimensional case, the self-contribution predicted by the
aforementioned Gauss–Legendre quadrature rule is

𝑤̃0 = −
√
6Δ𝑥
4𝜋

, (42)

which differs from𝑤0 by an amount on the order of 0.1Δ𝑥 .

B Green’s Identities in an Exterior Domain
Let 𝑈 ⊂ R𝑑 be a bounded domain with a smooth boundary. For
functions 𝑢, 𝑣 ∈ C2 (𝑈 ) ∩ C1 (𝑈 ), Green’s second identity states that∫

𝑈

(𝑢∇2𝑣 − 𝑣∇2𝑢) d𝑉 =

∮
𝜕𝑈

(︃
𝑢
𝜕𝑣

𝜕𝑛
− 𝑣 𝜕𝑢

𝜕𝑛

)︃
d𝑆 , 𝒙 ∈ 𝑈 , (43)

where 𝜕/𝜕𝑛 denotes the outward normal derivative with respect to
the domain 𝑈 . Taking 𝑣 (𝒙) =𝐺 (𝒙, 𝒙′), we obtain the well-known
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Green’s third identity in a bounded domain:

𝑢 (𝒙) =
∮
𝜕𝑈

(︃
𝑢 (𝒙′) 𝜕𝐺 (𝒙

′, 𝒙)
𝜕𝑛

−𝐺 (𝒙′, 𝒙) 𝜕𝑢 (𝒙
′)

𝜕𝑛

)︃
d𝑆 ′, 𝒙 ∈ 𝑈 . (44)

Here, ∇2𝑢 = 0 is assumed without loss of generality.
Then, let 𝐵𝑅 denote the ball (or disk) centered at the origin with

radius 𝑅, chosen such that Ω ⊂ 𝐵𝑅 . Given𝑈 = 𝐵𝑅 \Ω, the boundary
𝜕𝑈 consists of two closed surfaces: the inner boundary 𝜕Ω and the
outer boundary 𝜕𝐵𝑅 . Accordingly, Eq. (44) can be rewritten as

𝑢 =

(︃
K[𝑢; 𝜕𝐵𝑅] − V

[︃
𝜕𝑢

𝜕𝑛
; 𝜕𝐵𝑅

]︃ )︃
−
(︃
K[𝑢; 𝜕Ω] − V

[︃
𝜕𝑢

𝜕𝑛
; 𝜕Ω

]︃ )︃
, (45)

where the definitions of the boundary integral operators can be
found in Eqs. (10) and (11). Naturally, the Green’s third identity in
the exterior domain R𝑑 \ Ω should be defined as the limit of the
above expression as 𝑅 →∞.
Consider the following far-field condition:

𝑢 (𝒙) ∼ 𝐶𝐺 (∥𝒙 ∥), ∥𝒙 ∥ → ∞, (46)

𝐺 (𝑟 ) =
{︄

1
2𝜋 log 𝑟, 𝑑 = 2,
− 1

4𝜋
1
𝑟
, 𝑑 = 3,

(47)

which is equivalent to Eq. (1c) with 𝐶 a constant. Given 𝒙 ∈ 𝜕𝐵𝑅 ,
differentiating yields

𝜕𝑢

𝜕𝑛
(𝒙) ∼ 𝐶

𝑆 (𝑅) , ∥𝒙 ∥ → ∞, (48)

in which 𝑆 (𝑅) denotes the surface area of a 𝑑-dimensional sphere of
radius 𝑅. Substituting these asymptotics into the boundary integral,
we obtain

lim
𝑅→∞
K[𝑢; 𝜕𝐵𝑅] (𝒙) =𝐶 lim

𝑅→∞
𝐺 (𝑅)

∫
𝜕𝐵𝑅

𝜕𝐺 (𝒙′, 𝒙)
𝜕𝑛

d𝑆 ′

=𝐶 lim
𝑅→∞

𝐺 (𝑅), (49)

where the last equality follows from Gauss’s divergence theorem.
On the other hand,

lim
𝑅→∞
V

[︃
𝜕𝑢

𝜕𝑛
; 𝜕𝐵𝑅

]︃
(𝒙) =𝐶 lim

𝑅→∞

1
𝑆 (𝑅)

∫
𝐵𝑅

𝐺 (𝒙′, 𝒙) d𝑆 ′

=𝐶 lim
𝑅→∞

𝐺 (𝑅), (50)

where the final step follows from Newton’s shell theorem.
In conclusion, under the standard far-field condition that shares

the same order with the fundamental solution, the terms Eq. (49)
and Eq. (50) cancel each other. As a result, the Green’s third identity
in the exterior domain reduces to the form given in Eq. (9).

C Additional Convergence Analysis
We have discussed the convergence of our iterative method for
unbounded-domain extension in Sec. 6; however, a rigorous proof
was provided only for the classical Poisson equationwithout cavities.
In this appendix, we investigate several generalized cases quanti-
tatively. For convenience in the eigenvalue analysis, we specialize
the problem by assuming symmetric geometries—for example, the
rectangular computational domain Ω commonly used in grid-based
solvers is treated as spherical in the analysis. Nevertheless, one can
show via bounding methods that the conclusions below remain
qualitatively valid for domains with more complex geometries.

C.1 Dirichlet Boundary Cavity
We consider the following exterior Dirichlet problem for the classical
Poisson equation: {︄

∇2𝑢 (𝒙) = 𝑓 (𝒙), 𝒙 ∉ Ωc, (51a)
𝑢 (𝒙) = 𝑔(𝒙), 𝒙 ∈ 𝜕Ωc, (51b)

where Ωc denotes the closure of the cavity domain. The far-field
condition (1c) is implicitly imposed. During the iterative process,
for all 𝑘 , both the intermediate solution 𝑢 (𝑘 ) and the exact solution
𝑢 satisfy the above problem. Therefore, the error function 𝜀 (𝑘 ) =
𝑢 (𝑘 ) − 𝑢 satisfies a homogeneous version{︃

∇2𝜀 (𝑘 ) (𝒙) = 0, 𝒙 ∉ Ωc, (52a)
𝜀 (𝑘 ) (𝒙) = 0. 𝒙 ∈ 𝜕Ωc. (52b)

For 𝜀 (𝑘 ) , applying Green’s third identity in Ω \ Ωc and taking the
boundary limit yields

B[𝜀 (𝑘 ) ] (𝒙) = −𝜀 (𝑘 ) (𝒙) + 2V
[︃
𝜕𝜀 (𝑘 )

𝜕𝑛
; 𝜕Ωc

]︃
(𝒙), 𝒙 ∈ 𝜕Ω. (53)

This effectively relates the operator B to the error within Ω, but
the operator acts only on the boundary trace of 𝜀 (𝑘 ) on 𝜕Ω. Conse-
quently, in order to analyze the properties of B, it is necessary to
express the interior values of 𝜀 (𝑘 ) in terms of boundary data, subject
to Eqs. (52a)–(52b),

Concentric Balls (3D). Suppose that Ω and Ωc are concentric balls
with radii 𝑅 and 𝑅c, respectively, where 𝑅 > 𝑅c, and both are cen-
tered at the origin. In three-dimensional spherical coordinates, any
solution of the Laplace equation (e.g., the error function 𝜀, where
the superscript (𝑘) is omitted for brevity) can always be expanded
in a separated-variable basis as

𝜀 (𝑟, 𝜃, 𝜑) =
∞∑︁
𝑙=0

𝑙∑︁
𝑚=−𝑙

(︃
𝐴𝑙𝑚𝑟

𝑙 + 𝐵𝑙𝑚
𝑟 𝑙+1

)︃
𝑌𝑚
𝑙
(𝜃, 𝜑), (54)

where 𝑟 , 𝜃 , and 𝜑 denote the radial distance, polar angle, and az-
imuthal angle, respectively. Here 𝑌𝑚

𝑙
are the complex spherical

harmonics of degree 𝑙 and order𝑚, and𝐴𝑙𝑚 and 𝐵𝑙𝑚 are coefficients
to be determined. As a result, the radial derivative of 𝜀 admits the
following expansion:

𝜕𝜀

𝜕𝑟
(𝑟, 𝜃, 𝜑) =

∞∑︁
𝑙=0

𝑙∑︁
𝑚=−𝑙

(︃
𝑙𝐴𝑙𝑚𝑟

𝑙−1 − (𝑙 + 1) 𝐵𝑙𝑚
𝑟 𝑙+2

)︃
𝑌𝑚
𝑙
(𝜃, 𝜑). (55)

By setting 𝑟 = 𝑅c, we obtain the normal derivative on 𝜕Ωc.
Since the function values at 𝑟 =𝑅 are the objects acted upon by

the operator, we define

𝐶𝑙𝑚 = 𝐴𝑙𝑚𝑅
𝑙 + 𝐵𝑙𝑚𝑅−𝑙−1, (56)

which are assumed to be known. On 𝜕Ωc, the function 𝜀 satisfies the
homogeneous Dirichlet boundary condition 𝜀 (𝑅c, 𝜃, 𝜑)=0. Because
spherical harmonics form an orthogonal and complete basis, this
condition is equivalent to requiring that the coefficient of each
spherical harmonic vanish, namely, for all 𝑙 and𝑚,

𝐴𝑙𝑚𝑅
𝑙
c + 𝐵𝑙𝑚𝑅−𝑙−1c = 0. (57)
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Solving Eqs. (56) and (57) simultaneously yields
𝐴𝑙𝑚 =

𝑅𝑙+1

𝑅2𝑙+1 − 𝑅2𝑙+1c
𝐶𝑙𝑚 , (58a)

𝐵𝑙𝑚 = −𝑅2𝑙+1c 𝐴𝑙𝑚 . (58b)

Substituting these expressions into Eq. (55), 𝜕𝜀/𝜕𝑛 on Ωc can be
expressed in terms of the expansion coefficients of 𝜀 on 𝜕Ω as

𝜕𝜀

𝜕𝑟
(𝑅c, 𝜃, 𝜑) =

∞∑︁
𝑙=0

𝑙∑︁
𝑚=−𝑙

(2𝑙 + 1) 𝑅𝑙+1𝑅𝑙−1c

𝑅2𝑙+1 − 𝑅2𝑙+1c
𝐶𝑙𝑚𝑌

𝑚
𝑙
(𝜃, 𝜑), (59)

This relation is completely diagonal w.r.t. the coefficients 𝐶𝑙𝑚 .
By expanding the fundamental solution 𝐺 (𝒙, 𝒙′) in the same

basis, one can further show that a source distributed as 𝑌𝑙𝑚 on 𝑟 =𝑅c
produces the following single-layer potential on 𝑟 =𝑅:

V[𝑌𝑚
𝑙
; 𝜕Ωc] (𝑅, 𝜃, 𝜑) = −

𝑅𝑙+2c

(2𝑙 + 1) 𝑅𝑙+1
𝑌𝑚
𝑙
(𝜃, 𝜑). (60)

Therefore, combining Eqs. (53), (59), and (60), we obtain

B[𝜀] = −
∞∑︁
𝑙=0

𝑙∑︁
𝑚=−𝑙

𝑅2𝑙+1 + 𝑅2𝑙+1c

𝑅2𝑙+1 − 𝑅2𝑙+1c
𝐶𝑙𝑚𝑌

𝑚
𝑙
. (61)

This shows that all eigenvalues of B are negative and no greater
than 𝜆∞ = −1, with the smallest (most negative) eigenvalue 𝜆0 =
−(𝑅 + 𝑅c)/(𝑅 − 𝑅c) attained at 𝑙 =0.
For relaxed iterations, the spectral radius max𝑙 |1 + 𝜔 (𝜆𝑙 − 1) |

must be strictly less than 1 and ideally as small as possible. This
condition ensures convergence provided that −1 < 1 +𝜔 (𝜆0 − 1) <
1 + 𝜔 (𝜆∞ − 1) < 1, which yields 0 < 𝜔 < (𝑅 − 𝑅c)/𝑅. The optimal
choice is obtained by balancing the two extrema, i.e., 1+𝜔 (𝜆∞−1) =
−(1+𝜔 (𝜆0 − 1)), leading to 𝜔 = (𝑅 −𝑅c)/(2𝑅 −𝑅c). In summary, a
larger ratio 𝑅c/𝑅 requires a smaller relaxation parameter 𝜔 , which
agrees with our experimental observations.

Concentric Disks (2D). In two dimensions, the analysis proceeds
in an analogous manner. Let Ω and Ωc be concentric disks with radii
𝑅 and 𝑅c, respectively. In the annular region between 𝜕Ω and 𝜕Ωc,
𝜀 admits the expansion

𝜀 (𝜌, 𝜃 ) =
∞∑︁

𝑚=−∞
𝑚≠0

(︃
𝐴𝑚𝜌

|𝑚 | + 𝐵𝑚

𝜌 |𝑚 |

)︃
e𝑖𝑚𝜃 +𝐴0 + 𝐵0 log 𝜌 , (62)

where 𝜌 denotes the radial coordinate. As before, we define the
following coordinates that are assumed known:

𝐶𝑚 =

{︄
𝐴𝑚𝑅

|𝑚 | + 𝐵𝑚𝑅−|𝑚 | , 𝑚 ≠ 0, (63a)
𝐴0 + 𝐵0 log𝑅, 𝑚 = 0. (63b)

Imposing the Dirichlet boundary condition on 𝜕Ωc, one can derive

𝜕𝜀

𝜕𝜌
(𝑅c, 𝜃 ) =

∞∑︁
𝑚=−∞
𝑚≠0

2|𝑚 |𝑅 |𝑚 |𝑅 |𝑚 |−1c

𝑅2 |𝑚 | − 𝑅2 |𝑚 |c
𝐶𝑚e𝑖𝑚𝜃 + 𝐶0

𝑅c log 𝑅
𝑅c

. (64)

Note that in 2D the zero mode must always be treated separately.
By expanding the fundamental solution 𝐺 (𝒙, 𝒙′) in the same

Fourier basis, one can further show that a source distributed as e𝑖𝑚𝜃

on 𝜌=𝑅c generates the following single-layer potential on 𝜌=𝑅:

V[e𝑖𝑚𝜃 ; 𝜕Ωc] (𝑅, 𝜃 ) =

− 𝑅c

2|𝑚 |

(︃
𝑅c

𝑅

)︃ |𝑚 |
e𝑖𝑚𝜃 , 𝑚 ≠ 0, (65a)

𝑅c log𝑅, 𝑚 = 0. (65b)
Combining Eqs. (53), (64), and (65), we obtain

B[𝜀] = −
∞∑︁

𝑚=−∞
𝑚≠0

𝑅2 |𝑚 | + 𝑅2 |𝑚 |c

𝑅2 |𝑚 | − 𝑅2 |𝑚 |c
𝐶𝑚e𝑖𝑚𝜃 + log𝑅 + log𝑅c

log𝑅 − log𝑅c
𝐶0. (66)

If the eigenvalue associated with the zero mode is ignored (its mag-
nitude depends on the choice of zero point), all remaining eigen-
values of B are no greater than 𝜆∞ =−1. The smallest eigenvalue
𝜆1=−(𝑅2+𝑅2c )/(𝑅2−𝑅2c ) is attained at |𝑚 |=1. It follows that the con-
vergence condition for the relaxed iteration is 0<𝜔 < (𝑅2 − 𝑅2c )/𝑅2,
with the optimal choice given by 𝜔 = (𝑅2 − 𝑅2c )/(2𝑅2 − 𝑅2c ). The
qualitative conclusion is therefore identical to the one obtained in
the three-dimensional case.

C.2 Neumann Boundary Cavity
Similar to the previous subsection, we consider the following exte-
rior Dirichlet problem for the classical Poisson equation:

∇2𝑢 (𝒙) = 𝑓 (𝒙), 𝒙 ∉ Ωc, (67a)
𝜕𝑢

𝜕𝑛
(𝒙) = 𝑔(𝒙), 𝒙 ∈ 𝜕Ωc, (67b)

where the far-field condition (1c) is implicitly imposed. During the
iterative process, for all 𝑘 , both the intermediate solution 𝑢 (𝑘 ) and
the exact solution 𝑢 satisfy the above problem. Therefore, the error
function 𝜀 (𝑘 ) = 𝑢 (𝑘 ) − 𝑢 satisfies a homogeneous version, namely,

∇2𝜀 (𝑘 ) (𝒙) = 0, 𝒙 ∉ Ωc, (68a)
𝜕𝜀 (𝑘 )

𝜕𝑛
(𝒙) = 0. 𝒙 ∈ 𝜕Ωc. (68b)

For 𝜀 (𝑘 ) , applying Green’s third identity in Ω \ Ωc and taking the
boundary limit yields
B[𝜀 (𝑘 ) ] (𝒙) = −𝜀 (𝑘 ) (𝒙) − 2K

[︁
𝜀 (𝑘 ) ; 𝜕Ωc

]︁
(𝒙), 𝒙 ∈ 𝜕Ω. (69)

The remaining analysis largely parallels the approach in §C.1.

Concentric Balls (3D). We adopt exactly the same geometric as-
sumptions and solution expansions as in §C.1. The only difference
is that we now require, for all 𝑙 and𝑚,

𝑙𝐴𝑙𝑚𝑅
𝑙−1
c − (𝑙 + 1) 𝐵𝑙𝑚𝑅−𝑙−2c = 0. (70)

As a result, the trace of 𝜀 on 𝜕Ωc can be written as

𝜀 (𝑅c, 𝜃, 𝜑) =
∞∑︁
𝑙=0

𝑙∑︁
𝑚=−𝑙

(2𝑙 + 1) 𝑅𝑙+1𝑅𝑙c
(𝑙 + 1) 𝑅2𝑙+1 + 𝑙𝑅2𝑙+1c

𝐶𝑙𝑚𝑌
𝑚
𝑙
(𝜃, 𝜑). (71)

Taking into account that

K[𝑌𝑚
𝑙
; 𝜕Ωc] (𝑅, 𝜃, 𝜑) = −

𝑙𝑅𝑙+1c

(2𝑙 + 1) 𝑅𝑙+1
𝑌𝑚
𝑙
(𝜃, 𝜑), (72)

we deduce that

B[𝜀] = −
∞∑︁
𝑙=0

𝑙∑︁
𝑚=−𝑙

(𝑙 + 1) 𝑅2𝑙+1 − 𝑙𝑅2𝑙+1c

(𝑙 + 1) 𝑅2𝑙+1 + 𝑙𝑅2𝑙+1c
𝐶𝑙𝑚𝑌

𝑚
𝑙
(𝜃, 𝜑). (73)

It follows that all eigenvalues ofB are negative and lie in the interval
[−1, 0). Consequently, the iteration converges for any relaxation
factor 𝜔 ∈ (0, 1). As the ratio 𝑅c/𝑅 increases, the largest eigenvalue
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approaches zero, implying that the optimal choice of 𝜔 becomes
larger accordingly, which we observed during experiments indeed.

Concentric Disks (2D). We adopt exactly the same geometric as-
sumptions and solution expansions as in §C.1, and impose a homo-
geneous Neumann boundary condition on 𝜕Ωc. This yields

𝜀 (𝑅c, 𝜃 ) =
∞∑︁

𝑚=−∞

2𝑅 |𝑚 |𝑅 |𝑚 |c

𝑅2 |𝑚 | + 𝑅2 |𝑚 |c
𝐶𝑚e𝑖𝑚𝜃 . (74)

Taking into account that

K[e𝑖𝑚𝜃 ; 𝜕Ωc] (𝑅, 𝜃 ) =
 −

𝑅𝑚c
2𝑅𝑚

e𝑖𝑚𝜃 , 𝑚 ≠ 0, (75a)

0, 𝑚 = 0, (75b)

we obtain

B[𝜀] = −
∞∑︁

𝑚=−∞
𝑚≠0

𝑅2 |𝑚 | − 𝑅2 |𝑚 |c

𝑅2 |𝑚 | + 𝑅2 |𝑚 |c
𝐶𝑚e𝑖𝑚𝜃 . (76)

It follows that all eigenvalues of B are negative and lie in the in-
terval [−1, 0). The largest eigenvalue, 𝜆1 =−(𝑅2 − 𝑅2c )/(𝑅2 + 𝑅2c ),
increases monotonically as the ratio 𝑅c/𝑅 increases. The qualita-
tive conclusions regarding the choice of the relaxation factor are
therefore the same as in the three-dimensional case.

C.3 Varying Diffusion Coefficient
We consider the following Poisson problem with a spatially-varying
diffusion coefficient:

∇ · 𝑎(𝒙)∇𝑢 (𝒙) = 𝑓 (𝒙). (77)

The far-field condition (1c) is implicitly assumed throughout. During
the iterative process, for all 𝑘 , since both the intermediate solution
𝑢 (𝑘 ) and the exact solution 𝑢 satisfy the above problem, the error
function 𝜀 (𝑘 ) =𝑢 (𝑘 )−𝑢 satisfies its homogeneous version

∇ · 𝑎(𝒙)∇𝜀 (𝑘 ) (𝒙) = 0. (78)

Applying Green’s third identity to 𝜀 (𝑘 ) over the domainΩ and taking
the boundary limit yields

B[𝜀 (𝑘 ) ] (𝒙) = −𝜀 (𝑘 ) (𝒙) + U[𝜀 (𝑘 ) ;Ω] (𝒙), 𝒙 ∈ 𝜕Ω, (79)

U[𝜙 ;Ω] (𝒙) := 2
∫
Ω
∇2𝜙 (𝒙′)𝐺 (𝒙′, 𝒙) d𝑉 ′. (80)

It is straightforward to verify that, for 𝜀 (𝑘 ) , the Laplacian satisfies
∇2𝜖 (𝑘 ) = −∇𝑎 · ∇𝜖 (𝑘 )/𝑎.
We further specialize the diffusion coefficient 𝑎 by assuming it

is piecewise-constant, i.e., there exists a homogeneous inclusion
occupying a subdomain Ωi ⊂ Ω∗, within which 𝑎=𝑎i is a constant,
while 𝑎=1 in the exterior region. Under this assumption, Eq. (78)
reduces to 

∇2𝜀 (𝑘 ) (𝒙) = 0, 𝒙 ∉ 𝜕Ωi, (81)�
𝑎(𝒙′) 𝜕𝜀

(𝑘 )

𝜕𝑛
(𝒙′)

�
= 0, 𝒙 ∈ 𝜕Ωi, (82)

where the unit normal 𝒏 is taken to point outward from the interior
of Ωi, and ⟦·⟧ denotes the jump across the interface (defined as
the exterior limit minus the interior limit). In this case, the volume

integral appearing in the operatorU can be equivalently rewritten
as a surface integral over the material interface:

U[𝜀 (𝑘 ) ;Ω] (𝒙) = 2
∫
𝜕Ωi

�
𝜕𝜀 (𝑘 )

𝜕𝑛
(𝒙′)

�
𝐺 (𝒙′, 𝒙) d𝑆 ′. (83)

In the remainder of this subsection, our quantitative analysis focuses
on this representative configuration.

Concentric Balls (3D). We adopt geometric assumptions and so-
lution expansions similar to those in §C.1. Specifically, we assume
that Ω and Ωi are concentric balls with radii 𝑅 and 𝑅i, respectively,
where 𝑅 > 𝑅i, and both are centered at the origin. Clearly, the error
function 𝜀 is harmonic in both Ω \ Ωi and Ωi. It therefore admits
the following spherical harmonic expansions:

𝜀 (𝑟, 𝜃, 𝜑) =



∞∑︁
𝑙=0

𝑙∑︁
𝑚=−𝑙

(︃
𝐴𝑙𝑚𝑟

𝑙 + 𝐵𝑙𝑚
𝑟 𝑙+1

)︃
𝑌𝑚
𝑙
(𝜃, 𝜑), 𝑟 > 𝑅i, (84a)

∞∑︁
𝑙=0

𝑙∑︁
𝑚=−𝑙

(︃
𝐶𝑙𝑚𝑟

𝑙 + 𝐷𝑙𝑚

𝑟 𝑙+1

)︃
𝑌𝑚
𝑙
(𝜃, 𝜑), 𝑟 < 𝑅i. (84b)

We define the coefficients 𝐸𝑙𝑚 , which are assumed to be known, by

𝐸𝑙𝑚 = 𝐴𝑙𝑚𝑅
𝑙 + 𝐵𝑙𝑚𝑅−𝑙−1. (85)

Moreover, the regularity of 𝜀 at the origin requires that the solution
remain bounded as 𝑟→0, which immediately implies 𝐷𝑙𝑚 =0. By
enforcing the continuity of 𝜀 across 𝑟 =𝑅i together with the jump
condition (82) on the normal derivative, one can explicitly solve for
the coefficients 𝐴𝑙𝑚 , 𝐵𝑙𝑚 , and 𝐶𝑙𝑚 . This yields

⟦𝜀 (𝑅i)⟧ = −
∞∑︁
𝑙=0

𝑙∑︁
𝑚=−𝑙

(2𝑙 + 1) (𝑙 − 𝑎i𝑙) 𝑅𝑙+1𝑅𝑙−1i 𝐸𝑙𝑚𝑌
𝑚
𝑙

(𝑙 + 𝑎i𝑙 + 1) 𝑅2𝑙+1 + (𝑙 − 𝑎i𝑙) 𝑅2𝑙+1i
, (86)

where the angular variables (𝜃, 𝜑) have been omitted for brevity.
This expression shows that the spherical harmonic coefficients of
⟦𝜀⟧ on 𝜕Ωi depend diagonally on the coefficients 𝐸𝑙𝑚 .
Combining Eqs. (79), (83) and (86), and invoking the result of

Eq. (60), we obtain

B[𝜀] = −
∞∑︁
𝑙=0

𝑙∑︁
𝑚=−𝑙

(𝑙 + 𝑎i𝑙 + 1) 𝑅2𝑙+1 − (𝑙 − 𝑎i𝑙) 𝑅2𝑙+1i

(𝑙 + 𝑎i𝑙 + 1) 𝑅2𝑙+1 + (𝑙 − 𝑎i𝑙) 𝑅2𝑙+1i
𝐸𝑙𝑚𝑌

𝑚
𝑙
. (87)

Consequently, as long as 𝑎i>0, all eigenvalues of the operator B are
negative, and the iterative scheme is guaranteed to converge. The
optimal choice of the relaxation factor 𝜔 is thus jointly influenced
by both the contrast 𝑎i and the inclusion radius 𝑅i.

Concentric Disks (2D). We adopt geometric assumptions and solu-
tion expansions analogous to those in §C.1. Specifically, we assume
that Ω and Ωi are concentric disks with radii 𝑅 and 𝑅i, respectively,
where 𝑅 > 𝑅i, and that both are centered at the origin. Under these
assumptions, the error function 𝜀 admits the following Fourier ex-
pansions in polar coordinates:

𝜀 (𝜌, 𝜃 ) =



∞∑︁
𝑚=−∞
𝑚≠0

(︃
𝐴𝑚𝜌

|𝑚 | + 𝐵𝑚

𝜌 |𝑚 |

)︃
e𝑖𝑚𝜃 + 𝐸0, 𝑟 > 𝑅i, (88a)

∞∑︁
𝑚=−∞
𝑚≠0

𝐶𝑚𝜌
|𝑚 |e𝑖𝑚𝜃 + 𝐸0, 𝑟 < 𝑅i. (88b)
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Here, several terms have been eliminated a priori by enforcing
regularity at the origin and continuity across the interface. We
assume that the constant mode 𝐸0 and the coefficients

𝐸𝑚 = 𝐴𝑚𝑅
|𝑚 | + 𝐵𝑚𝑅−|𝑚 | , 𝑚 ≠ 0 (89)

are known. By combining the continuity of 𝜀 at 𝜌 = 𝑅i with the
jump condition (82) on the normal derivative, we obtain

⟦𝜀 (𝑅i)⟧ = −
∞∑︁

𝑚=−∞
𝑚≠0

2|𝑚 | (1 − 𝑎i) 𝑅 |𝑚 |𝑅 |𝑚 |−1i 𝐸𝑚e𝑖𝑚𝜃

(1 + 𝑎i) 𝑅2 |𝑚 | + (1 − 𝑎i) 𝑅2 |𝑚 |i

, (90)

whose Fourier coefficients depend diagonally on 𝐸𝑚 , in complete
analogy with the three-dimensional case.
Combining Eqs. (79), (83) and (90), and invoking the result of

Eq. (65), we arrive at

B[𝜀] = −
∞∑︁

𝑚=−∞
𝑚≠0

(1 + 𝑎i) 𝑅2 |𝑚 | − (1 − 𝑎i) 𝑅2 |𝑚 |i

(1 + 𝑎i) 𝑅2 |𝑚 | + (1 − 𝑎i) 𝑅2 |𝑚 |i

. (91)

Since all eigenvalues of B are again strictly negative, the qualitative
behavior of the optimal relaxation factor is identical to that observed
in the three-dimensional setting.
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