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Barycentric Coordinates
• Express a point 𝑥 ∈ 𝛺 with the vertices of a simplex

– e.g., a triangle, a tetrahedron
• Barycentric coordinates	𝜆! form linear combination of 

vertices	𝑝! 
• For a triangle:	𝑥 = 𝜆"𝑝" + 𝜆#𝑝# + 𝜆$𝑝$
• Partition of unity:

• Solving for 𝜆! for point within a simplex
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Generalized Barycentric Coordinates (GBC)
• GBC generalizes barycentric coordinates to non-simplicial shapes
• GBC is a set of functions	𝜆!: ℝ³ → ℝ
• Each function 𝜆! is associated with a vertex 𝑐!
• Typically, solutions are not unique

– Therefore, a large space to explore, and publish:)  
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Cage Deformation
• Offline precomputation

– Find GBC for 𝑁- 	cage vertices 𝑐!:

• Online computation
– As the cage deforms, the interior mesh can be posed:

• In a matrix form
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What are good GBC?
• Partition of unity

– ∑! 𝜆!(𝑥) = 1, ∀𝑥 ∈ Ω
• Reproduction

–  ∑! 𝜆! 𝑥 𝑐! = 𝑥, ∀𝑥 ∈ Ω
• Lagrange property

–  𝜆! 𝑐/ = 𝛿!/
– Mesh follows cage tightly

• Non-negativity
–  𝜆! 𝑥 ≥ 0

• Smoothness
– 	𝜆!∈ 𝐶0

• Locality
– 𝜆! only influences regions nearby 𝑐/

• Easy to compute
– Pointwise evaluation based on closed-form expressions
– No need to solve linear systems or optimizations
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A Brief History of GBC

• Barycentric coordinates for simplices (1827):
– Möbius discovered that any point inside a triangle can be expressed as a 

unique, weighted sum of the triangle's three vertices (where the weights sum 
to 1).
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A Brief History of GBC

• Wachspress Coordinates (1975): 
– Eugene Wachspress formulated the first true GBCs for polygons.
– But, polygons are required to be convex

• Dealing with non-convex shapes (since early 2000s):
– Mean value coordinates [Floater 2003; Ju et al. 2006]
– Harmonic coordinates [Joshi et al. 2007]
– Green coordinates [Lipman et al. 2008]
– Cauchy coordinates [Weber et al. 2009]
– ….
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How to publish a GBC paper
• A machinery to interpolate from boundary

– Mean value theorem of harmonic functions 
[Floater 2003; Ju et al. 2006] 

– Cauchy integral formula [Weber et al. 2009]
– Green’s third identity [Lipman et al. 2008]
– Somigliana identity [Chen et al. 2023]
– Boundary constrained harmonic equation 

[Joshi et al. 2007]
• Discretizing cage surface

– Line segments (2D)
– Triangles (3D)
– Quads (3D)
– Polygons (3D)

• Selecting basis functions
– Piecewise linear functions
– High-order polynomials
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GBC with closed-form 
expressions 

(Mean Value Coordinates)
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Mean Value Coordinates (MVC)

• Computing MVC in 2D [Floater 2003]



Mean Value Coordinates (MVC)

• Computing MVC in 2D [Floater 2003]

Wachspress

Mean value



Mean Value Coordinates (MVC)

• Machinery

• Piecewise linear discretization

• Substituting lemma 1 into                                  and 𝑟	disappears  

Γ3



Follow-ups of MVC

• MVC for 3D triangular cages [Ju et al. 2005]
– Still has closed-form expressions
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Follow-ups of MVC

• Positive MVC [Lipman et al. 2007]
– Computing MVC based on the visible part of the cage 

from the query point
– No closed-form expressions, computed numerically
– Relying on GPU implementation to stay comparable 

efficiency as MVC
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MVCundeformed

• Non-triangular cages need to be triangulated
• Cage triangulation can cause artifacts

– Symmmetry breaking

Follow-ups of MVC
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undeformed MVC QMVC

• QMVC [Thiery et al. 2018]
– Closed-form expressions for quad cages
– No artifacts due to cage triangulation
– Intuitive moldeing

Follow-ups of MVC



Follow-ups of MVC

• Cublic MVC [Li et al. 2013]
– First work on curved boundary instead of piecewise linear boundary
– Fewer control points for smooth deformation
– Of course computing integral is more complicated 
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Follow-ups of MVC

• Stochastic computations of GBC [de Goes et al. 2024]
– Formulating GBC as kernel-based least-squares minimization

– Monte-Carlo sampling for computing the integral over the cage surface

– Agnostic to cage discretization!

– Reproducing MVC, PMVC, HC by different strategies to sample {𝑤1 , 𝒚1}
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Follow-ups for MVC
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Walk on Spheres {(𝙮𝒌, 𝟏)}Ray tracing {(𝙮𝒌, 𝟏/𝒅𝒌)}Ray tracing {(𝙮𝒌, (−𝟏)𝒌/𝒅𝒌)}



Key remarks on closed-form MVC

• Advantages
– Works for concave shapes

– Fast pointwise evaluation through closed-form expressions, in 
most of the cases

– Smoothness

• Disadvantages
– Artifacts due to potential negative values
– Enforcing non-negativeness requires extra computational cost
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GBC without closed-
form expressions

22



Harmonic Coordinates [Joshi et al. 2007]
• Machinery

– Solve Laplace’s equation to obtain GBC
• Inside cage: 𝛥𝜆4 𝑥 = 0, 𝑥 ∈ Int𝐶
• Lagrange property: 𝜆4 𝑐5 = 𝛿4,5, 𝑥 ∈ 𝐶

• Discretization
– Tessellating the entire volume including the cage 

surface
• Solve the coordinates numerically

– Large sparse linear systems
– Solving 𝑁- times for all {𝜆!(𝑥)}	
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Advantages:
✚Positive
✚Locality

Disadvantages:
¾ Costly
¾	𝐶6 smoothness
¾ No pointwise evaluation

MVC HC



Maximum Entropy Coordinates [Hormann et al. 2008]

• Machinery
– Maximum entropy principle
– Needs an input prior function

• Discretization
– Only a point set is needed for 

encoding 𝑚!(𝑣)
• Numerical solve

– Nonlinear convex optimization per 
query point solving for a 3D vector
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Advantages:
✚Positive
✚Pointwise 

minimization
✚Supports arbitrary

polygons

Disadvantages:
¾ Costly
¾ Bad choice of priors

imposes artifacts



Maximum Entropy Coordinates [Hormann et al. 2008]
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Interpretating statistical 
mechanics as a statistical 

inference problem



Local Barycentric Coordinates [Zhang et al. 2014]

• Machinery
– minimize total variation (TV) of GBC
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Advantages:
✚Control over locality

Disadvantages:
¾ Guarantees only 𝐶7-continuity
¾ Complex computation

[ZDL*14]



Variational Barycentric Coordinates [Dodik et al. 2023]

• Continuous formulation

• Representation
– Neural network for 𝛼!(𝑥)

• Solving for the coordinates
– Adam optimizer

27

Weighted total variation

Dirichlet energy

As-rigid-as-possible energy



Remarks on minimization-based coordinates
• Advantages

– They are positive
– The resulting coordinates have better locality
– High-quality due to their variational nature

• Disadvantages
– Either relying on a mesh embedding the cage (discretize PDE)
– Or, a neural network for representing the field
– More costly to compute, via linear solvers or nonlinear 

optimizations
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GBC with cage 
normals

29



Coordinates with normal control
• Add normal control to better preserve the model shape

– Driven by the boundary reformulation of linear PDEs
• Advantages in efficiency

– Pointwise evaluation often with closed-form expressions
– No need to solve a linear system or nonlinear optimization

• Compromise in controllability
– No longer interpolatory GBC
– Deformation might get unintuitive
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How to incorporate normal control?
• Instead of GBC 𝜆! for cage vertices
• Use 𝜙! for cage vertices and 𝜓% for cage face normals

• Deformation control:

𝒙 =D
!

𝜙! 𝒙 𝒗!

𝒗3

𝒙 F𝒙(𝒙) =D
!

𝜙! 𝒙 F𝒗!

𝜙! , 𝑖 = 1, … , 𝑁-
𝜓1 , 𝑘 = 1,… , 𝑁2
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Green Coordinates [Lipman et al. 2008]
• Machinery

– Green’s third identity for harmonic functions

• Discretization
– Triangular cages 

• Piecewise linear function for boundary values
• Piecewise constant function for boundary flux

• Solver the coordinates 
– Closed-form expressions

32

𝑢 𝑦 = R
34
𝑢 𝑦

𝜕𝐺 𝑦, 𝑥
𝜕𝑛5

dA5 −R
34
𝐺 𝑦, 𝑥

𝜕𝑢 𝑦
𝜕𝑛5

dA5

𝐺 𝑥, 𝑦 =
−1

4𝜋 𝑦 − 𝑥

𝜙! 𝒚

𝜓/ 𝒚



Green Coordinates [Lipman et al. 2008]
• Machinery

– Green’s third identity for harmonic functions

• Discretization
– Triangular cages 

• Piecewise linear function for boundary values
• Piecewise constant function for boundary flux

• Solver the coordinates 
– Closed-form expressions

32

𝑢 𝑦 = R
34
𝑢 𝑦

𝜕𝐺 𝑦, 𝑥
𝜕𝑛5

dA5 −R
34
𝐺 𝑦, 𝑥

𝜕𝑢 𝑦
𝜕𝑛5

dA5

𝐺 𝑥, 𝑦 =
−1

4𝜋 𝑦 − 𝑥

𝜓/ 𝑥 = R
6#
𝐺 𝑦, 𝑥 dA5𝜙! 𝑥 = R

𝒩{9$}
Γ!(𝑦)

𝜕𝐺 𝑦, 𝑥
𝜕𝑛5

dA5

𝜙! 𝒚

𝜓/ 𝒚



Closed-form Expressions of GC
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[Ben-Chen et al. 2009]

[Lipman et al. 2008]



Green Coordinates [Lipman et al. 2008]

• Mathematical properties
– Linear reproduction
– Translational invariance
– Rotation and scale invariance
– 𝐶0-smoothness
– Conformal mapping in 2D
– Quasi-conformal in 3D

34



Properties of GC
• Advantages

– Conformality mostly leads to better 
shape preservation

– Allow for extrapolation outside of 
the cage

– Easy to compute
• Disadvantages

– Only for triangular cages
– Not interpolatory
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Follow-ups of GC

• Quad-based GC [Thiery et al. 2022]
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Follow-ups of GC

• High-order cages
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Follow-ups of GC

• From Green Coordinates to Somigliana Coordinates [Chen et al. 2023]
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Green coordinates (GC)

Δ𝒖 = 𝟎PDE:

𝐺 𝒚, 𝒙 =
−

1
4𝜋𝑟

, 𝑑 = 3,

1
2𝜋 log 𝑟 , 𝑑 = 2.	

Fundamental 
solutions:

𝒖 𝒙 = (
!"

∇𝒏𝐺 𝒚, 𝒙 𝒖 𝒚 − 𝐺 𝒚, 𝒙 ∇𝒏𝒖 𝒚 d𝜎𝒚
Boundary 

reformulation:

𝒖 𝒙 = 𝒙

𝒚

𝒙

𝒓 = 𝒚 − 𝒙

𝜙! 𝒙 , 𝜓1 𝒙 ∈ 𝐑



Follow-ups of GC

• From Green Coordinates to Somigliana Coordinates [Chen et al. 2023]
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Δ𝒖 +
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+ 𝑰 + *
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reformulation:

Somigliana coordinates (SC)

𝒖 𝒙 = 𝒙

Lord Kelvin

Carlo Somigliana

𝒚

𝒙

𝒓 = 𝒚 − 𝒙

𝜙! 𝒙 , 𝜓1 𝒙 ∈ 𝐑𝑇! 𝒙 , 𝐾1 𝒙 ∈ 𝐑;×;



Follow-ups of GC

• 𝑇!(𝒙) and 𝐾#(𝒙)	are not rotationally invariant!
– Typical remedy: corotational formulation

• Online computation of deformation
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#𝒙(𝒙) = (
4

𝑅4𝑇4 𝒙 𝑅4L
M7

(
4

𝑅4𝑇4 𝒙 𝑅4L #𝒗4 +(
N

𝑅N𝐾N 𝒙 𝑅NL .𝝉N]

Estimate {𝑅4, 𝜆4, 𝜂4} for each 
boundary facet



Follow-ups of GC
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\

• Control over the volumetric behavior

Small bulges

More exaggerated bulges



Follow-ups of GC

• Closed-form expression for SC

• Biharmonic Coordinates for 3D triangular 
cages [Thiery et al. 2024]

41



Follow-ups of GC

• Closed-form expression for SC

• Biharmonic Coordinates for 3D triangular 
cages [Thiery et al. 2024]

41



Follow-ups of GC
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𝒖 𝒙 = 0
56
[𝒖 𝒚 ∇𝒏𝐺 𝒚, 𝒙 − 𝐺 𝒚, 𝒙 ∇𝒏𝒖 𝒚

+Δ𝒖 𝒚 ∇𝒏𝐺̅ 𝒚, 𝒙 − 𝐺̅ 𝒚, 𝒙 ∇𝒏Δ𝒖 𝒚 ]	d𝐴𝒚

𝐺 𝒚, 𝒙 = −
1
4𝜋𝑟

 

𝐺̅ 𝒚, 𝒙 = −
𝑟
8𝜋

Conform better to Dirichlet or 
Neumann boundary conditions



GBC in Practice
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High-res Cage Deformation
• Comparison of most relevant coordinate types

– They all look similar!
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Other issues

• Issues with low-res cages
– The deformation is more global  
– Hard to achieve intuitive, fine-scale control

• Issues with high-res cages
– Loses the flexibility of editing
– Dense matrices need to be stored and transferred
– Long precomputation time
– Slow matrix-vector product
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Alternatives: Kelvinlets [de Goes et al. 2017, 2018]
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Alternatives: Curvenet [de Goes et al. 2022]
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Thanks!
https://github.com/DanStroeter/CageModeler.git


